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Abstract
We establish an explicit Plancherel decomposition for GLnpF qzGLnpEq where E{F
is a quadratic extension of local fields of characteristic zero by making use of a local
functional equation for Asai γ-factors. We also give two applications of this Plancherel
formula: first to the global Ichino-Ikeda conjecture for unitary groups by completing
a comparison between local relative characters that was left open by W. Zhang [Zh3]
and secondly to the Hiraga-Ichino-Ikeda conjecture on formal degrees [HII] in the case
of unitary groups.
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1 Introduction
Let E{F be a quadratic extension of local fields of characteristic 0. In this paper, we develop
an explicit Plancherel decomposition for the symmetric space GLnpF qzGLnpEq. The proof
is, at least superficially, similar to the factorization of global Flicker-Rallis periods (see [Fli],
[GJR, §2] and [Zh3, §3.2]) and moreover the result is in remarkable agreement with general
conjectures of Sakellaridis-Venkatesh [SV] on the spectrum of general spherical varieties.
Let us mention here that Plancherel decompositions of symmetric spaces have already
been thoroughly studied in the literature. In particular, most relevant for us is the work of
Harinck [Har] giving another explicit Plancherel formula for the case at hand when E{F “
2
C{R (and more generally for symmetric spaces of the form GpRqzGpCq) and also the work
of Delorme [Del2] (following what was done by Sakellaridis-Venkatesh [SV] for split spherical
varieties) on p-adic symmetric spaces (which is less explicit since it consider as a black box the
“discrete spectrum" of certain Levi varieties). However, the present work is rather orthogonal
to those and uses heavily particular features of the pair pGLnpEq,GLnpF qq allowing to express
the relevant L2-inner products as residues of certain families of local Zeta integrals (similarly,
the Flicker-Rallis period is usually studied by considering it as the residue of a global family
of Zeta integrals).
We then give two applications of this Plancherel formula: first to the global Ichino-Ikeda
conjecture for unitary groups by completing a comparison between local relative characters
that was left open by W. Zhang [Zh3] and secondly to the Hiraga-Ichino-Ikeda conjecture
on formal degrees for unitary groups [HII]. Besides the Plancherel formula, the main tools
to derive these applications are certain local analogs of the Jacquet-Rallis trace formulae
completed with a certain comparison of “relatively unipotent" orbital integrals. Actually,
this relationship between the Plancherel formula for GLnpF qzGLnpEq and local Jacquet-
Rallis trace formulae was already investigated in the case n “ 2 by Ioan Filip in his PhD
thesis [Fil].
In the rest of this introduction, we give more details on the main results.
1.1 Plancherel formula for GLnpF qzGLnpEq
We now state the explicit Plancherel formula we obtain for the symmetric space Yn “
GLnpF qzGLnpEq. Let Upnq be a quasi-split unitary group of rank n (with respect to the
extension E{F ), TemppUpnqq{ stab the set of all tempered L-packets of Upnq, TemppGLnpEqq
the set of all isomorphism classes of tempered irreducible representations of GLnpEq and
BCn : TemppUpnqq{ stabÑ TemppGLnpEqq the stable base-change map if n is odd, unstable
base-change map if n is even (this last case requires a choice, which however is unimportant
for what follows).
Let us emphasize here that the local Langlands correspondence for unitary groups is now
fully known by [Mok], [KMSW] and thus combining it with the local correspondence for
GLn ([HT],[Hen], [Sch]), we see that the preceding sentence makes perfect sense. Actually,
we could have written our Plancherel formula without appealing to the local Langlands
correspondence since only the image of BCn matters and this can be described in a purely
representation-theoretic way using local Asai L-functions (moreover, as we will see, this is
more or less exactly how it shows up in the computations). Nevertheless, we prefer to write
everything using this correspondence since we find the resulting formulations more suggestive
and moreover this translation will play an important role for the applications (to be described
in the second part of this introduction).
A first weak version of our Plancherel formula can be stated as follows.
Theorem 1 There exists an isomorphism of unitary representations
L2pYnq »
ż ‘
TemppUpnqq{ stab
Hσ dσ
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where σ P TemppUpnqq{ stab ÞÑ Hσ is a measurable field of unitary representations of
GLnpEq with Hσ » BCnpσq for every σ P TemppUpnqq{ stab and the measure dσ is in
then natural class of measures on TemppUpnqq{ stab.
Notice that as a direct corollary of this result, we can describe explicitly the discrete
spectrum of L2pYnq: the irreducible unitary representations π of GLnpEq embedding contin-
uously into L2pYnq are precisely the base-change (stable or unstable as before) of discrete
series of Upnq. Notice that those representations were already shown to embed in L2pYnq
by Jerrod Smith [Smith]. Moreover, the above decomposition confirms in the case of the
symmetric space Yn a general conjecture of Sakellaridis-Venkatesh [SV, Conjecture 16.5.1]
on Plancherel decompositions of spherical varieties1.
To state our Plancherel formula more precisely, we need to introduce more notation. Let
SpGLnpEqq be the Schwartz space of GLnpEq i.e. the space of complex valued functions
on GLnpEq which are locally constant and compactly supported if E is p-adic or which
are C8 and “rapidly decreasing with all their derivatives" in some suitable sense if E is
Archimedean (we refer the reader to Section 2.4 for a precise definition; a similar space
of functions is defined on the set of F -points of any smooth algebraic variety over F ). For
π P TemppGLnpEqq, we define a positive semi-definite hermitian form p., .qYn,π on SpGLnpEqq
by
pf1, f2qYn,π :“
ÿ
WPBpπ,ψnq
βpπpf1qW qβpπpf2qW q.
Here, ψ is a non-trivial additive character of E trivial on F , ψn the corresponding generic
character of the standard maximal unipotent subgroup NnpEq of GLnpEq, Bpπ, ψnq is a
suitable orthonormal basis of the Whittaker model Wpπ, ψnq for the natural scalar product
on the associated Kirillov model (i.e. L2-scalar product on NnpEqzPnpEq where Pn is the
mirabolic subgroup of GLn) and β is the linear form given by
βpW q :“
ż
NnpF qzPnpF q
W ppqdp.
We equip TemppUpnqq{ stab with a natural and canonical measure dσ which is locally given
by a Haar measure on certain groups of unramified characters (see Section 2.7). Using a
nontrivial additive character ψ1 of F , we can also define normalized Haar measures onGLnpEq
and GLnpF q (see Section 2.5) hence an invariant measure on Yn. To σ P TemppUpnqq{ stab
we associate its adjoint γ-factor γps, σ,Ad, ψ1q as well as a certain finite group Sσ which is
just the centralizer of its Langlands parameter when σ is a discrete series (for the general
case cf. 2.11). Then, the explicit Plancherel formula we prove for Yn reads as follows (cf.
Theorem 4.2.2).
1Strictly speaking, the general conjectures of [SV] do not apply to Yn since in loc. cit. the group acting
G (which here is RE{F GLn,E) was assumed to be split over F . However, in light of another conjecture of
Jacquet (see [Pra]) there is a natural way to extrapolate the conjecture of Sakellaridis-Venkatesh to the case
at hand by considering the “L-group" of Yn to be
LYn “
LUpnq and the morphism LYn Ñ
LG to be given
by base-change (stable or unstable as before).
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Theorem 2 For every σ P TemppUpnqq{ stab, the hermitian form p., .qYn,BCnpσq factorizes
through the natural projection SpGLnpEqq Ñ SpYnq. Moreover, assuming that all Haar
measures have been normalized using the additive character ψ1, for every functions ϕ1, ϕ2 P
SpYnq we have
pϕ1, ϕ2qL2pYnq “
ż
TemppUpnqq{stab
pϕ1, ϕ2qYn,BCnpσq
|γ˚p0, σ,Ad, ψ1q|
|Sσ|
dσ
where the left-hand side denotes the L2-inner product on Yn, the right-hand side is absolutely
convergent and we have set
γ˚p0, σ,Ad, ψ1q “ pζF psq
nσγps, σ,Ad, ψ1qqs“0 ,
nσ being the order of the zero of γps, σ,Ad, ψ
1q at s “ 0.
Although we will not explain this in any details, the above explicit version of the Plancherel
decomposition of Yn is pleasantly aligned with certain speculations of Sakellaridis-Venkatesh
[SV, §17] on factorization of global automorphic periods. The main reason being that the
linear form β also appears in the factorization of the global Flicker-Rallis periods (we re-
fer the reader to [GJR, §2] and [Zh3, §3.2] for a precise statement) and, as we will see in
the second part of this introduction, the quotient |γ
˚p0,σ,Ad,ψ1q|
|Sσ|
equals on the nose (again if
we normalize measures correctly using the character ψ1) the Plancherel densities of unitary
groups. In fact, the proof of Theorem 2 is quite similar to the global computations leading to
the factorization of Flicker-Rallis periods. Let us explain the main steps. Let ϕ1, ϕ2 P SpYnq
and choose (arbitrarily) functions f1, f2 P SpGLnpEqq such that ϕipxq “
ş
GLnpF q
fiphxqdh for
i “ 1, 2. Then, simple manipulations show that
pϕ1, ϕ2qL2pYnq “
ż
GLnpF q
fphqdh
where f “ f2 ‹ f_1 (here as usual f
_
1 denotes the function g ÞÑ f1pg
´1q). Therefore, we are
essentially reduced to finding a spectral expansion for the linear form f P SpGLnpEqq ÞÑş
GLnpF q
fphqdh. The first step is then, by some “local unfolding", to prove an identity (see
Proposition 4.3.1)ż
GLnpF q
fphqdh “ C1
ż
NnpF qzPnpF q
ż
NnpF qzGLnpF q
Wfpp, hqdhdp, f P SpGLnpEqq(1.1.1)
where Wf is a certain Whittaker function associated to f analog to the global Whit-
taker function associated to cusp forms (see Section 2.14 for the precise definition of Wf)
and C1 is a certain constant depending on the choice of the character ψ. Let Wf “ş
TemppGLnpEqq
Wf,πdµGLnpEqpπq be the spectral decomposition of the Whittaker function Wf
(that is the Plancherel decomposition for Whittaker functions which according to [SV, §6.3]
can be deduced from the Plancherel formula for the group; see also Section 2.14 of this
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paper where we make this slightly more precise), where dµGLnpEqpπq denotes the Plancherel
measure for GLnpEq. Then, we would like to use this expansion of Wf to get a spectral
decomposition for the right-hand side of 1.1.1. Unfortunately, the resulting expression is
not absolutely convergent and in particular we cannot switch the spectral integral with the
integral over NnpF qzGLnpF q. To circumvent this difficulty, we will express the inner integralż
NnpF qzGLnpF q
Wfpp, hqdh “
ż
ZnpF qNnpF qzGLnpF q
W rfpp, hqdh
where rf “ ş
ZnpF q
fpz.qdz (ZnpF q denoting the center of GLnpF q) as the residue at s “ 0
of some Zeta integral Zps,W rfpp, .q, φq associated to an auxiliary test function φ P SpF nq
(see Lemma 2.16.1(ii) for a precise statement). The important point is that the formation
of this Zeta integral “commutes" with the spectral decomposition of W rf (i.e. the resulting
expression is absolutely convergent) when ℜpsq ą 0 so that in this range we can write
Zps,W rfpp, .q, φq “
ż
TemppGLnpEqq
Zps,Wf,πpp, .q, φqdµGLnpEqpπq
where we have set GLnpEq “ ZnpF qzGLnpEq. Then, using a local functional equation for
the above Zeta integrals in terms of Asai γ-factors γps, π,As, ψ1q (see Section 2.16), this can
be rewritten as an expression of the formż
TemppGLnpEqq
Φspπqγps, π,As, ψ
1q´1dµ
GLnpEq
pπq(1.1.2)
where now the family of function s ÞÑ Φs is analytic at s “ 0. Thus, we end up with the
problem of computing the residue at s “ 0 of the above distribution. This can be achieved
by a direct computation using an explicit formula for the Plancherel measure dµ
GLnpEq
pπq in
terms of the adjoint γ-factor of π which is essentially due to Harish-Chandra [H-C2] in the
Archimedean case and follows from work of Shahidi [Sha1] and Silberger-Zink [SZ] in the
p-adic case (see [HII] for a convenient uniform reformulation of all these results). Although
the computation is not very enlightening (it is done in Part 3 of this paper), the final result
is very neat: we get, up to an explicit constant, the integral of the function Φ “ Φ0 against
the push-forward by base-change of the measure γ
˚p0,σ,Ad,ψ1q
|Sσ|
dσ on TemppUpnqq{ stab (see
Proposition 3.4.1). Together with the previous steps, this then very easily implies Theorem
2.
1.2 Applications to the Ichino-Ikeda and formal degree conjectures
for unitary groups
In Part 5 of this paper we give two applications of the Plancherel formula of Theorem 2.
Namely, we establish the formal degree conjecture of Hiraga-Ichino-Ikeda [HII] for unitary
groups as well as a certain comparison of local relative characters left open by W. Zhang
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[Zh3, Conjecture 4.4] and which has application to the so-called Ichino-Ikeda conjecture for
unitary groups [Ha]. We now state these two results in turn.
Let V be a (finite dimensional) hermitian space over E, UpV q the corresponding unitary
group and µ˚UpV qpπq the “Plancherel density" for UpV qpF q i.e. the unique function on the
tempered dual TemppUpV qq of UpV qpF q such that the Plancherel measure for UpV qpF q is
given by dµUpV qpπq “ µ˚UpV qpπqdπ where dπ is a certain natural and canonical measure on
TemppUpV qq (see Section 2.7). Notice that the Plancherel measure depends on some Haar
measure on UpV qpF q for which, as before, there is a natural choice depending only on the
nontrivial additive character ψ1 of F . Therefore, µ˚UpV qpπq also depends on ψ
1. With these
notation we prove:
Theorem 3 We have
µ˚UpV qpπq “
|γ˚p0, π,Ad, ψ1q|
|Sπ|
for almost all π P TemppUpV qq where γ˚p0, π,Ad, ψ1q and Sπ are defined as before. In
particular, for every discrete series π of UpV qpF q we have
dpπq “
|γp0, π,Ad, ψ1q|
|Sπ|
where dpπq denotes the formal degree of π and Sπ is the centralizer of the Langlands parameter
of π.
The second part of the above theorem is precisely [HII, Conjecture 1.4] for unitary groups.
Also, although we will not use it, the first part can be deduced from the second part using
Langlands’ normalization of standard intertwining operators (which is known for unitary
groups see [Mok, Proposition 3.3.1], [KMSW, Lemma 2.2.3]) the formal degree conjecture
for GLnpEq (which is also known by work of Silberger-Zink, see [HII, Theorem 3.1]) and
the description of the Plancherel measure as in [Wald1]. We also remark that Theorem
3 is not new when F is Archimedean since in that case it can be deduced from Harish-
Chandra’s explicit formula for the Plancherel measure [H-C2] (see [HII, Proposition 2.1] for
the translation, at least for discrete series).
To state the second application, we need to introduce more notation. Let pV, hq be a
n-dimensional hermitian space over E and set H “ UpV q, G “ UpV q ˆ UpV 1q where V 1 “
V ‘Ev0 is equipped with the hermitian form given by h1pv1`λv0, v2`µv0q “ hpv1, v2q`λµc
for all v1, v2 P V and λ, µ P E (in this paper, we denote by c the non-trivial F -automorphism
of E). We consider H as a subgroup of G through the natural diagonal embedding H ãÑ G.
We also define G1 “ RE{F GLn,E ˆRE{F GLn`1,E (here, as elsewhere in the paper, RE{F
stands for Weil’s restriction of scalars from E to F ) and its two subgroups H1 “ RE{F GLn,E
(diagonally embedded) and H2 “ GLn,F ˆGLn`1,F . Then, Jacquet and Rallis [JR] have
defined a notion of transfer between functions f P SpGpF qq and f 1 P SpG1pF qq. This
transfer is itself the byproduct of a natural injective correspondence between regular semi-
simple orbits (or double cosets) [Zha2, Lemme 2.3]
HpF qzGrspF q{HpF q ãÑ H1pF qzG
1
rspF q{H2pF q.(1.2.1)
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where G1rs (resp. Grs) denotes the open subset of elements γ P G
1 (resp. δ P G) whose double
coset H1γH2 (resp. HδH) is closed and with a trivial stabilizer in H1ˆH2 (resp. in HˆH).
For pf, f 1q P SpGpF qq ˆ SpG1pF qq and pδ, γq P GrspF q ˆG1rspF q we define as usual (relative)
orbital integrals Opδ, fq and Oηpγ, f 1q (the second one being twisted by a certain quadratic
character η of H2pF q; see Section 5.2). Then, we say that f and f 1 match (or that they are
transfer of each other) if we have an identity
ΩpγqOηpγ, f
1q “ Opδ, fq
whenever γ and δ correspond to each other by the correspondence 1.2.1 and where Ωpγq is
a certain transfer factor (which has an explicit and elementary definition, see Section 5.2).
It is one of the main achievement of W. Zhang [Zha1] that in the p-adic case every function
f P SpGpF qq admits a transfer f 1 P SpG1pF qq and conversely. For a partial result in that
direction in the Archimedean case, which is however sufficient for applications, we refer the
reader to [Xue] or Section 5.2 of this paper.
We define as in [Zh3] relative characters f P SpGpF qq ÞÑ Jπpfq and f 1 P SpG1pF qq ÞÑ
IΠpf
1q for every tempered irreducible representations π P TemppGq and Π P TemppG1q (we
warn the reader here that our convention for Jπ and IΠ is slightly different from the one in
[Zh3], in particular we have replaced π and Π by their contragredient and moreover we don’t
use the same scalar product as in loc. cit. to normalize IΠ; these changes are nevertheless
minor and don’t affect the global applications: see remark below). By its very definition, the
family of relative characters π ÞÑ Jπ is supported on the set TempHpGq of H-distinguished
tempered representations (i.e. the one admitting a nonzero continuous HpF q-invariant form).
The second main theorem of Part 5 can now be stated as follows (see Theorem 5.4.1).
Theorem 4 Let f P SpGpF qq and f 1 P SpG1pF qq be matching functions. Then, for every
π P TempHpGq, we have
κV Jπpfq “ IBCpπqpf
1q
where BCpπq denotes the stable base-change of π and κV is an explicit constant which de-
pends only on V and the normalization of transfer factors.
Remark 1 • The above result was already proved in [Beu2] when F is p-adic. The proof
we give here, although using similar tools, differs at some crucial points from loc. cit.
and moreover has the good feature, at least to the author’s taste, of treating uniformly
the Archimedean and non-Archimedean case. In particular, in this paper we make no
use at all of the result of W. Zhang [Zh3] on truncated local expansion for the relative
characters IΠ. We need however to import from [Zha1] the existence of smooth transfer
as well as its compatibility with Fourier transform at the Lie algebra level. Furthermore,
although it might not be so transparent, we need the Jacquet-Rallis fundamental lemma
proved by Yun and Gordon [Yu] in order to derive the “weak comparison" of relative
characters given in Proposition 5.7.1 from a global comparison of (simple) Jacquet-
Rallis trace formulae.
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• The above theorem confirms [Zh3, Conjectuire 4.4]. Actually, as already pointed, our
normalization for relative characters is not the same thus explaining why our constant
κV differs from loc. cit. However, this discrepancy is not completely afforded by the
change of normalization since in [Zh3] the constant up to which “Fourier transform
commutes with transfer" was not exactly the correct one and here we used the one
computed by Chaudouard in [Chau]. For the global applications however (see below)
this difference is inessential: all that matters is that if V is a hermitian space relative
to a quadratic extension k1{k of number fields then the product of the local constantsś
v κVv is one.
As explained in [Zh3] and [Beu2], Theorem 4 has direct application to the Ichino-Ikeda
conjecture for unitary groups. Namely, from [Zh3, Theorem 4.3] and [Beu2, Theorem 3.5.1]
and the above theorem we deduce:
Theorem 5 Let k1{k be a quadratic extension of number fields, V an hermitian space over
k1 and define the groups H Ă G as above. Let π “
Â1
v πv be a cuspidal automorphic
representation of GpAq (A being the ring of adèles of k) satisfying:
• For every place v of k, the representation πv is tempered;
• There exists a non-Archimedean place v of k with BCpπvq supercuspidal (e.g. if v splits
in k1 and πv is itself supercuspidal).
Then, the Ichino-Ikeda conjecture as stated in [Ha, Conjecture 1.2] or [Zh3, Conjecture 1.1]
is true for π.
Remark 2 Of course, the above theorem also includes previous works of many other authors
including W. Zhang, Z. Yun and J. Gordon as well as H. Xue. We have mainly stated it for
convenience to the reader that would like to get the most up-to-date result on the Ichino-Ikeda
conjecture. Moreover, the assumption that BCpπvq is supercuspidal for at least one place v
(which is the last one that needs to be removed) originates from the use of some simple
version of Jacquet-Rallis trace formulae. To drop this assumption, one would need complete
spectral decompositions of these trace formulae which is work in progress by Chaudouard and
Zydor (see [Zyd] and [CZ] for partial progress in that direction).
Theorems 3 and 4 are proved together by comparing certain distributions on GpF q and
G1pF q. Namely, we will compare both local analogs of the aforementioned Jacquet-Rallis
trace formulae as well as certain “relatively unipotent" orbital integrals. To be more specific,
we discuss the two comparisons in turn.
First, the local analog of the unitary Jacquet-Rallis trace formula (which was already
used in [Beu2]) is a certain HpF q ˆ HpF q-invariant sesquilinear form Jp., .q on SpGpF qq
admitting the following “geometric" and “spectral" expansions (see Section 5.5.1):ż
HpF qzGrspF q{HpF q
Opδ, f1qOpδ, f2qdδ “ Jpf1, f2q “
ż
TemppGq
Jπpf1qJπpf2qdµGpπq(1.2.2)
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where dδ is a certain natural measure on the set of regular semi-simple orbits and dµGpπq
denotes the Plancherel measure of GpF q. Similarly, the local analog of the linear Jacquet-
Rallis trace formula is a certain H1pF q ˆ pH2pF q, ηq-equivariant sesquilinear form Ip., .q on
SpG1pF qq admitting the following “geometric" and “spectral" expansions (see Section 5.5.2):ż
H1pF qzG1rspF q{H2pF q
Oηpγ, f
1
1qOηpγ, f
1
2qdγ “ Ipf
1
1, f
1
2q(1.2.3)
“ C2
ż
TemppGqsq{ stab
IBCpπqpf
1
1qIBCpπqpf
1
2q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
where dγ is a certain natural measure on the set of regular semi-simple orbits, Gqs is a
quasi-split inner form of G, TemppGqsq{ stab denotes the set of tempered L-packets for Gqs
and C2 is a certain positive constant depending on the choice of ψ. Here we remark that the
proof of 1.2.2 doesn’t pose any analytical difficulty and is rather easy and direct whereas to
get the spectral side of 1.2.3 we need to use the explicit Plancherel formula of Theorem 2.
When fk match f 1k for k “ 1, 2 the left-hand sides of 1.2.2 and 1.2.3 are easily seen to be
equal (this is not quite correct, as we need first to sum 1.2.2 over some pure inner forms but
we will ignore this issue in the introduction) and we deduce from this the equality of the
right-hand sides. This is the first comparison that we will use.
Next, we consider the “trivial" orbital integral Op1, fq “
ş
HpF q
fphqdh on SpGpF qq for
which we have the spectral expansion (see 5.6.1)
Op1, fq “
ż
TemppGq
JπpfqdµGpπq(1.2.4)
as well as a certain “regularized" regular unipotent orbital integral f 1 ÞÑ O`pf 1q on SpG1pF qq
for which we have the spectral expansion (see 5.6.3)
γO`pf
1q “ C3
ż
TemppGqsq{ stab
IBCpπqpfq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ(1.2.5)
where C3 is again a positive constant depending on ψ and γ a certain product of abelian
local γ-factors. Incidentally (or not), the same regularized orbital integral appears in the
truncated local expansions of W. Zhang [Zh3] for the relative characters IΠ. Once again, the
identity 1.2.4 comes almost for free and doesn’t require much hard work whereas 1.2.5 is a
consequence of (some form of) the explicit Plancherel formula of Theorem 2. Then, using
analogs of 1.2.4 and 1.2.5 for Lie algebras and the fact that Fourier transform commutes, up to
a constant, with transfer ([Zha1],[Xue]), we can show that if f P SpGpF qq and f 1 P SpG1pF qq
match then Op1, fq and O`pf 1q are equal up to some (absolute and explicit) constant (once
again the correct statement involves summing 1.2.4 over some set of pure inner forms). This,
together with 1.2.4 and 1.2.5, implies a second spectral identity between matching functions.
Theorem 4 and Theorem 3 (or rather an analog of Theorem 3 pertaining to the Plancherel
measure of G restricted to TempHpGq) can then be easily deduced from these two compar-
isons combined with some “weak" identity of relative characters (Proposition 5.7.1). We refer
the reader to Section 5.7 for all the details of the proof.
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1.3 Outline of the paper
We now briefly describe the content of the paper. Part 2 is devoted to fixing notation and
numerous normalizations. We also collect there various results from the literature which
will be needed in the sequel in particular regarding local base-change for unitary groups
(Section 2.10), local γ-factors (Section 2.12), the Plancherel formula for the group and for
Whittaker functions (Sections 2.13 and 2.14) and the local functional equation for Asai γ-
factors of Rankin-Selberg type (Section 2.16). Part 3 is the most technical of the paper and
is concerned with computing explicitly poles of analytic families of distributions like 1.1.2.
As we said, the final result is very neat but, unfortunately, the author wasn’t able to find
a conceptual way to derive it, therefore we have essentially reduced everything to certain
computations in Rn. In Part 4, we establish the explicit Plancherel formula of Theorem 2.
This is a rather easy task as the adequate preliminary results have been obtained in Part 3.
In the last part of this paper, Part 5, we prove Theorems 3 and 4 following the outline given
above. Finally, we have added one appendix at the end of the paper containing the proof
of a rather technical result related to the Harish-Chandra Plancherel formula and for which
the author was unable to find a proper reference in the literature.
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2 Preliminaries
2.1 General notation
Here is a list of notation that will be used throughout in this paper:
• E{F is a quadratic extension of local fields of characteristic zero (either Archimedean
or non-Archimedean), we denote by c the non-trivial F -automorphism of E, TrE{F :
E Ñ F the trace and by ηE{F : Fˆ Ñ t˘1u the quadratic character associated to E{F
by local class field theory. Also, in the non-Archimedean case we write OF and OE for
the ring of integers of F and E respectively.
• We fix a character η1 of Eˆ extending ηE{F as well as nontrivial additive characters
ψ1 and ψ of F and E respectively with ψ trivial on F . We denote by τ the unique
element in E of trace zero such that ψpzq “ ψ1pTrE{F pτzqq for all z P E. We will also
denote by ψ1E the character z ÞÑ ψ
1pTrE{F pzqq of E.
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• WF and WE are the Weil groups of F and E respectively, qF , qE the cardinality of the
residue fields of F and E in the p-adic case whereas in the Archimedean case we set
qF “ qE “ e
1{2.
• We fix an algebraic closure F of F containing E and for every finite extension K of F
we denote by |.|K the normalized absolute value on K. Most of the time we will simply
write |.| for |.|F .
• If X is an algebraic variety over F and K{F a finite extension, we denote by XK
the variety obtained by base-change from F to K. In the other direction, if X is an
algebraic variety over K, we denote by RK{FX the Weil’s restriction of scalar of X
from K to F .
• Unless otherwise specified, all algebraic varieties will be tacitly assumed to be defined
over F .
• If X is an algebraic variety over F , we will use freely the notion of norms on XpF q as
defined by Kottwitz [Kott, Sect. 18]. We always denote by ‖.‖X such a norm and set
σX “ logp2` ‖.‖Xq for the associated log-norm. We refer the reader to [Beu1, §1.2] for
more details on these notions.
• For K a compact group, we denote by pK the set of all isomorphism classes of its
irreducible representations. Moreover, if V is a representation of K for each ρ P pK we
denote by V rρs its ρ-isotypic component. Similarly, if A is a locally compact abelian
group, pA stands for its dual group.
• ℜpzq and ℑpzq will stand for the real and imaginary part respectively of a complex
number z.
• H “ ts P C | ℜpsq ą 0u and lim
sÑ0`
means that we take the limit as s goes to 0 from H.
• A sentence like “fpxq ! gpxq for all x P X" means that there exists C ą 0 such that
fpxq ď Cgpxq for all x P X. Also, we write fpxq „ gpxq when fpxq ! gpxq and
gpxq ! fpxq.
• Lie algebras of algebraic groups will always be denoted by the corresponding gothic
letter (e.g. g for G or h for H).
• For each integer n ě 1, Sn stands for the group of permutations of t1, . . . , nu.
• A holomorphic function ϕ : Cn Ñ C will be said to be of moderate growth in vertical
strips together with all its derivatives if for all a, b P R and every holomorphic differential
operator with constant coefficients D on Cn there exists N ě 1 such that
|pDϕqpz1, . . . , znq| ! p1` |ℑpz1q|q
N . . . p1` |ℑpznq|q
N
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for ell pz1, . . . , znq P Cn with a ă ℜpz1q, . . . ,ℜpznq ă b. Similarly, a meromorphic
function ϕ : CÑ C will be said to be of moderate growth on vertical strips away from
its poles together with all its derivatives if for all a, b P R there exists R P CpT q and for
every n ě 0 there exists N ě 1 and such that
∣
∣
∣
∣
ˆ
d
dz
˙n
pRpzqϕpzqq
∣
∣
∣
∣
! p1` |ℑpzq|qN
for all z P C with a ă ℜpzq ă b.
• We also say that a smooth function ϕ : Rn Ñ C is of moderate growth together with
all its derivatives if for every differential operator with constant coefficients D on Rn
there exists N ě 1 such that
|pDϕqpx1, . . . , xnq| ! p1` |x1|q
N . . . p1` |xn|q
N
for all px1, . . . , xnq P R
n.
• For each n ě 1, we denote by pe1, . . . , enq the standard basis of F n.
• If f is a function on a group G, we set f_pgq “ fpg´1q for all g P G.
• If a group G acts on a set X on the right (resp. on the left), we shall denote by R
(resp. L) the right (resp. left) regular action of G on functions on X. This action
usually extends to some space of functions on G. If moreover G is a Lie group, X is
a smooth manifold and the action is differentiable, we denote by the same letter the
resulting action of the Lie algebra g of G and also of its enveloping algebra. If G is
a topological group equipped with a Haar measure and the action is on the right and
continuous, for every function f and ϕ on G and X respectively we set (whenever it
makes sense)
pϕ ‹ fqpxq “
ż
G
ϕpxg´1qfpgqdg, x P X.
Notice that ϕ ‹ f “ Rpf_qϕ.
2.2 Groups
Let G be a connected reductive group over F . We assume that G is fixed until the end of
Section 2.14. We denote by ZG the center of G and AG the maximal split torus in ZG. Let
X˚pGq be the group of algebraic characters of G. We set
A˚G “ X
˚pGq b R “ X˚pAGq b R, A
˚
G,C “ A
˚
GbRC
and
AG “ HompX
˚pGq,Rq, AG,C “ AGbRC
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Let x., .y be the natural pairing between A˚G,C andAG,C. We define a morphism HG : GpF q Ñ
AG by xχ,HGpgqy “ log|χpgq| for all χ P X˚pGq and g P GpF q. As usual a sentence like “Let
P “MU be a parabolic subgroup of G" means that P is a parabolic subgroup of G defined
over F , with unipotent radical U and M is a Levi component of P . A Levi subgroup of G
means a Levi component of a parabolic subgroup. If M is a Levi subgroup, we denote by
PpMq the set of all parabolic subgroups with Levi component M and we write W pG,Mq “
NormGpF qpMq{MpF q for its associated Weyl group. If P “MU is a parabolic subgroup, we
denote by δP the modular character of P pF q and by HP : P pF q Ñ AM the composition of
HM with the projection from P pF q to MpF q. If moreover a maximal compact subgroup K
of GpF q, which is special in the p-adic case, has been fixed (so that GpF q “ P pF qK by the
Iwasawa decomposition) we extend HP to GpF q by setting HP pmukq “ HMpmq for every
pm, u, kq PMpF q ˆ UpF q ˆK.
When the group G is understood from the context, we will simply write ‖.‖ and σ for
the norm and log-norm ‖.‖G and σG.
In the Archimedean case, we denote by Upgq the enveloping algebra of the complexified
Lie algebra of GpF q and by Zpgq its center.
For every integer n ě 1, we write Gn for the algebraic group GLn (say defined over Z).
We denote by Zn, Bn, An and Nn the subgroups of scalar, resp. upper triangular, resp.
diagonal, resp. unipotent upper triangular matrices in Gn. For g P Gn, we write tg for its
transpose and gi,j, 1 ď i, j ď n, for its entries. Also, for a P An we simply write ai for
ai,i (1 ď i ď n). We denote by δn and δn,E the modular characters of BnpF q and BnpEq
respectively. We will always consider Gn as a subgroup of Gn`1 through the upper left corner
embedding i.e. g P Gn ÞÑ
ˆ
g
1
˙
P Gn`1. We let Pn be the mirabolic subgroup (that is the
set of elements g P Gn with last row p0, . . . , 0, 1q), Un be the unipotent radical of Pn (so that
Pn “ Gn´1Un) and N 1n be the derived subgroup of Nn (i.e. the subgroup of u P Nn such that
ui,i`1 “ 0 for 1 ď i ď n´ 1). The natural extension of c to GnpEq will be written as g ÞÑ gc
and for every g P GnpEq we set g˚ “ ptg´1qc. We also let Kn and Kn,E be the standard
maximal compact subgroups of GnpF q and GnpEq i.e. Kn “ GnpOF q, Kn,E “ GnpOEq in
the p-adic case whereas Kn “ tg P GnpF q | gtg “ Inu and Kn,E “ tg P GnpEq | gtgc “ Inu
in the Archimedean case. We will denote by ψ1n : NnpF q Ñ S
1 and ψn : NnpEq Ñ S1 the
characters defined by
ψ1npuq “ ψ
1
˜
p´1qn
n´1ÿ
i“1
ui,i`1
¸
and ψnpuq “ ψ
˜
p´1qn
n´1ÿ
i“1
ui,i`1
¸
Most of the time, we will consider GnpEq as the group of F -points of RE{FGn,E (so that all
constructions involving the F -points of a reductive group over F can be applied to GnpEq).
We define
GnpEq :“ GnpEq{ZnpF q
and we will always consider this group as the set of F -points of pRE{FGn,Eq{Zn,F .
Recall that we have fixed a character η1 : Eˆ Ñ Cˆ such that η1|Fˆ “ ηE{F . We define
for every integer k ě 1 characters ηk and η1k of GnpF q and GnpEq respectively by ηkphq “
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ηE{F phq
k`1 and η1kpgq “ η
1pdet gq if k is even, 1 if k is odd. Notice that the restriction of η1k
to GnpF q is equal to ηk.
Whenever χ is a character of Fˆ, for h P GnpF q we will usually write χphq for χpdet hq.
This in particular will be applied to the character ηE{F .
By a hermitian space we will always mean a finite dimensional E-vector space V equipped
with a non-degenerate hermitian form h (our convention will be to take h to be linear in
the first variable). If V is such a hermitian space, we denote by UpV q the corresponding
unitary group (thought as an algebraic group defined over F ). For every n ě 1, we also
define Upnq as the unitary group of the standard quasi-split hermitian form on En i.e. for
every F -algebra R we have
UpnqpRq “
 
g P GnpR bF Eq |
tgcwng “ wn
(
where wn “
¨˚
˝ 1. . .
1
‹˛‚.
If G “ UpV q is a unitary groups its Levi subgroups all have the form
M “ RE{FGn1,E ˆ . . .ˆRE{FGnk,E ˆ UpW q
where n1, . . . , nk are positive integers and W is a nondegenerate subspace of V such that
dimpV q “ dimpW q ` n1 ` . . . ` nk. For such a Levi subgroup there is a unique identifi-
cation AM » Rk such that HMpg1, . . . , gk, γq “ plogp|det g1|Eq, . . . , logp|det gk|Eqq for every
pg1, . . . , gk, γq PMpF q. There is also a natural identification of W pG,Mq with the subgroup
of permutations w P S2k preserving the partition tti, 2k ` 1´ iu | 1 ď i ď ku and such that
nwpiq “ ni for each 1 ď i ď k where we have set nj “ n2k`1´j for k ` 1 ď j ď 2k. This
identification is uniquely characterized by the following: for every w PW pG,Mq there exists
a representatives rw P NormGpF qpMq such that rw´1pg1, . . . , gk, γq rw “ pgwp1q, . . . , gwpkq, γq for
all pg1, . . . , gk, γq PMpF q where we have set gj “ g˚2k`1´j for k ` 1 ď j ď 2k.
2.3 LF spaces, completed tensor products
In this paper, by a topological vector space (TVS) we always mean a Hausdorff locally convex
topological vector space over C. We refer the reader to [Beu1, Appendix A] for a Précis on
the basic notions of vector-valued integrals as well as smooth and analytic functions in TVS
that we shall use extensively in this paper. If E is a TVS, we will denote by E 1 its continuous
dual equipped with the strong topology (i.e. the topology of uniform convergence on bounded
subsets).
Recall that a LF space is a topological vector space V that can be written as the direct
limit of an at most countable family of Fréchet spaces. All topological vector spaces con-
sidered in this paper will be LF spaces. We recall here two basic properties of LF spaces
which will be used thoroughly. First, since LF spaces are barreled [Tr, Corollary 3 of Propo-
sition 33.2] they satisfy the uniform boundedness principle (aka Banach-Steinhaus theorem).
Hence, if V is an LF space, W any topological vector space and Tn : V Ñ W a sequence
15
of continuous linear maps converging pointwise to T : V Ñ W , then T is continuous and
Tn converges to T uniformly on compact subsets of V . Secondly, LF spaces also satisfy the
closed graph theorem [Gr, Theorem 4.B]: a linear map T : V Ñ W between LF spaces is
continuous if and only if its graph is closed.
The following terminology will be at some points useful. We will call a LF space V strict
if it can be written as the increasing union V “
Ť
ně1 Vn of a sequence of closed Fréchet
subspaces. In this case any bounded subset of V is contained in one of the Vn (see [Gr, Intro
§IV]). Then, we define a tame LF space to be a LF space V together with a presentation
V “ limÝÑd Vd where each Vd is a strict LF space and the homomorphisms Vd Ñ Vd`1 are
continuous injections. We will usually abbreviate this by just writing V “
Ť
dě1 Vd (with the
understanding that each Vd carries its own topology which is not necessarily the one induced
from V ). If V “
Ť
dě1 Vd and W “
Ť
dě1Wd are two tame LF spaces then a continuous
linear map T : V Ñ W will be said to be tame if there exists integers a, b ě 1 such that for
every d ě 1, T induces a continuous linear map Vd ÑWad`b.
Let V andW be topological vector spaces. We denote by V pbW the completed projective
tensor product of V and W (see [Tr, Chapter 43]). It is a complete topological vector space
containing V bW as a dense subspace and satisfying the following universal property ([Tr,
Proposition 43.4]): for every complete topological vector space U , restriction to V b W
induces an (algebraic) isomorphism
HomcontpV pbW,Uq » BilcontpV ˆW,Uq(2.3.1)
where the left (resp. right) hand side denotes the space of continuous linear (resp. bilinear)
maps from V pbW (resp. from V ˆ W ) to U . In particular, if V is complete we have a
canonical isomorphism V pbC » V and for every continuous linear form λ : W Ñ C, we get
a continuous morphism Id pbλ : V pbW Ñ V . The completed projective tensor product is
associative (cf. [Gr] §I.1.4) and for any finite family V1, . . . , Vn of topological vector spaces
we shall denote by V1pb . . . pbVn or zâ
1ďiďn
Vi their completed projective tensor product (in any
order). The following fact will be quite useful:
(2.3.2) For V , W Fréchet spaces and U a complete topological vector space, a sequence of
continuous linear maps Tn : V pbW Ñ U that converges point-wise on V bW actually
converges point-wise everywhere to a continuous linear map T : V pbW Ñ U .
Indeed, if we let, for all n, Bn : V ˆW Ñ U be the continuous bilinear map corresponding to
Tn via 2.3.1 then, by the uniform boundedness principle, there exists a separately continuous
bilinear map B : V ˆW Ñ U such that the sequence pBnqně0 converges point-wise to B. As
V and W are Fréchet spaces, B is continuous and so corresponds to a continuous linear map
T : V pbW Ñ U via 2.3.1 again. We have that pTnqně0 converges to T on the dense subspace
V bW of V pbW and therefore (by continuity) the convergence holds point-wise everywhere.
By an easy induction, we deduce a property analog to 2.3.2 for the projective completed
tensor product of any finite family of Fréchet spaces that we shall also use without further
notice.
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2.4 Space of functions
For X a smooth variety over F , we will denote by SpXpF qq the Schwartz space of X. In the
p-adic case, it is just the space of all locally constant and compactly supported (complex-
valued) functions. In the case where F “ R, it is the Schwartz space in the sense of Aizenbud
and Gourevitch [AG1] i.e. the space smooth functions which are “rapidly decreasing together
with all their derivatives". When X “ G and F “ R, a function f belongs to SpGpF qq if
and only if for all u, v P Upgq and N ě 1 we have
|pRpuqLpvqfqpgq| ! ‖g‖´N , g P GpF q
On the other hand, for V a finite dimensional F -vector space SpV q coincides with the usual
Schwartz space. In all cases, SpXpF qq has a natural topology making it a Fréchet space
when F “ R and a LF space when F is p-adic (in this case we just endow SpXpF qq, which
is of countable dimension, with its finest locally convex topology). Moreover, if V is a finite
dimensional F -vector space with a decomposition V “ W ‘ W 1 then there is a natural
isomorphism
SpW qpbSpW 1q » SpV q(2.4.1)
induced from the linear map ϕbψ ÞÑ pw ` w1 ÞÑ ϕpwqψpw1qq (see [Tr, Theorem 51.6]). More
generally, for any finite decomposition V “
à
1ďiďn
Wi there is a natural isomorphism
zâ
1ďiďn
SpWiq » SpV q.(2.4.2)
Let ΞG be the spherical Xi function of Harish-Chandra for G (see [Wald1, §II.1], [Var,
§II.8.5]). It depends on the choice of a maximal compact subgroup of GpF q but two such
choices yield equivalent functions and we will only use ΞG for estimates purposes. The space
of tempered functions CwpGpF qq on GpF q is defined as follows. If F is p-adic, it is the space
of functions f : GpF q Ñ C which are biinvariant by a compact-open subgroup and satisfies
an inequality
|fpgq| ! ΞGpgqσpgqd, @ g P GpF q(2.4.3)
for some d ě 1. In the Archimedean case, it is the space of smooth functions f : GpF q Ñ C
for which there exists d ě 1 such that for all u, v P Upgq we have an inequality
|pRpuqLpvqfqpgq| ! ΞGpgqσpgqd, @ g P GpF q(2.4.4)
For every integer d ě 1 we denote by Cwd pGpF qq the subspace of functions f P C
wpGpF qq
satisfying 2.4.3 in the p-adic case (resp. 2.4.4 for all u, v P Upgq in the Archimedean case).
Then Cwd pGpF qq has a natural topology making it a strict LF space (and even a Fréchet space
in the Archimedean case). Moreover we have CwpGpF qq “
ď
dě1
Cwd pGpF qq so that C
wpGpF qq
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is naturally equipped with a structure of tame LF space (in the sense of Section 2.3). Note
that SpGpF qq is dense in CwpGpF qq for this topology.
Assume now thatG is quasi-split, let B “ TN be a Borel subgroup with unipotent radical
N and ξ : NpF q Ñ S1 a non-degenerate (aka generic) character. We define SpNpF qzGpF q, ξq
as the space of functions f : GpF q Ñ C satisfying fpugq “ ξpuqfpgq for every pu, gq P
NpF q ˆ GpF q and which are: locally constant and compactly supported modulo NpF q in
the p-adic case, smooth and satisfying an inequality
|pRpuqfqpgq| ! ‖g‖´N
NzG, g P NpF qzGpF q
for every N ě 1 and u P Upgq in the Archimedean case. Once again, SpNpF qzGpF q, ξq has
a natural topology making it a Fréchet space when F “ R and a LF space when F is p-
adic. Fixing a maximal compact subgroup K of GpF q and using the Iwasawa decomposition
GpF q “ NpF qT pF qK we define a function ΞNzG on NpF qzGpF q by
ΞNzGptkq “ δBptq
1{2, t P T pF q, k P K
Then, we define the space of tempered functions CwpNpF qzGpF q, ξq as the space of functions
f : GpF q Ñ C such that fpugq “ ξpuqfpgq for every pu, gq P NpF q ˆ GpF q which are right
invariant by a compact-open subgroup in the p-adic case, smooth in the Archimedean case
and satisfying the following growth condition: if F is p-adic, we ask that there exists d ą 0
such that
|fpgq| ! ΞNzGpgqσNzGpgq
d, @ g P NpF qzGpF q
if F is Archimedean, we ask that there exists d ą 0 such that for every u P Upgq we have
|pRpuqfqpgq| ! ΞNzGpgqσNzGpgq
d, @ g P NpF qzGpF q
We define as before for every integer d ě 1 the subspace Cwd pNpF qzGpF q, ξq which has
the structure of a strict LF (even Fréchet in the Archimedean case) space and we make
CwpNpF qzGpF q, ξq into a tame LF space by writing it as
CwpNpF qzGpF q, ξq “
ď
dě1
Cwd pNpF qzGpF q, ξq.
Consider two quasi-split groups G1, G2 with maximal unipotent subgroups N1, N2 and
generic characters on their F -points ξ1, ξ2 respectively. Then, we have the following easy
lemma which will be used without further notice in this paper.
Lemma-Definition 2.4.1 Let λ be a continuous linear form on CwpN1pF qzG1pF q, ξ1q. Then,
the linear map
CwpN1pF qzG1pF q ˆN2pF qzG2pF q, ξ1 b ξ2q Ñ C
wpN2pF qzG2pF q, ξ2q
W ÞÑ pg ÞÑ λpW p., gqqq
is well-defined, continuous (even tame) and will be denoted by λpb Id. For λ1 and λ2 two
continuous linear forms on CwpN1pF qzG1pF q, ξ1q and C
wpN2pF qzG2pF q, ξ2q respectively we
have λ2 ˝ pλ1pb Idq “ λ1 ˝ pId pbλ2q and the resulting linear form will be denoted by λ1pbλ2.
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Proof: We explain the Archimedean case since the p-adic case is similar and easier. For
the first part, it suffices to notice that for every d ą 0 and W P CwpN1pF qzG1pF q ˆ
N2pF qzG2pF q, ξ1 b ξ2q the function
F : g P G2pF q ÞÑW p., gq P C
w
d pN1pF qzG1pF q, ξ1q
has the following properties:
• it is smooth;
• F pugq “ ξ2puqF pgq for every g P G2pF q and u P N2pF q;
• for every u P Upgq the set 
ΞN2zG2pgq´1σNzGpgq
´dpRpuqF qpgq | g P GpF q
(
is bounded in Cwd pN1pF qzG1pF q, ξ1q.
Therefore the same holds for the composition of F with λ showing that λpb Id is well-defined.
The continuity follows from the closed graph theorem. Finally λ2 ˝ pλ1pb Idq “ λ1 ˝ pId pbλ2q
since these two continuous linear forms agree on the dense subspace Cwd pN1pF qzG1pF q, ξ1q b
Cwd pN2pF qzG2pF q, ξ2q. 
Remark 2.4.2 The notation introduced in the previous lemma might seem to enter in con-
flict with the one introduced in Section 2.3. This can be justified a posteriori as follows: let
Cwd pN1pF qzG1pF q, ξ1qpbǫ Cwd pN2pF qzG2pF q, ξ2q be the completed ǫ-tensor product ([Tr, Defini-
tion 43.5]). There are natural continuous linear maps with dense images
Cwd pN1pF qzG1pF q, ξ1qpb Cwd pN2pF qzG2pF q, ξ2q Ñ Cwd pN1pF qzG1pF q, ξ1qpbǫ Cwd pN2pF qzG2pF q, ξ2q(2.4.5)
CwpN1pF qzG1pF q ˆN2pF qzG2pF q, ξ1 b ξ2q Ñ C
w
d pN1pF qzG1pF q, ξ1qpbǫ Cwd pN2pF qzG2pF q, ξ2q(2.4.6)
and the linear map λpb Id : Cwd pN1pF qzG1pF q, ξ1qpb Cwd pN2pF qzG2pF q, ξ2q Ñ Cwd pN2pF qzG2pF q, ξ2q
defined in Section 2.3 factorizes through 2.4.5. The linear map defined by the above lemma
is then the composition of this factorized map with 2.4.6. Finally, we remark that the spaces
Cwd pNkpF qzGkpF q, ξkq, k “ 1, 2, are probably complete and nuclear (but the author didn’t
attempt to prove it) in which case both 2.4.5 and 2.4.6 would be topological isomorphisms.
The next lemma is probably standard and can be proved in much the same way as [Beu3,
Lemma 2.4.3].
Lemma 2.4.3 Let W P Cwd pNnpEqzGnpEq, ψnq. Then, for all N ě 1 we have
|W pakq| !
n´1ź
i“1
p1`
∣
∣
∣
∣
ai
ai`1
∣
∣
∣
∣
E
q´Nδn,Epaq
1{2σpaqd, a P AnpEq, k P Kn,E.
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This will be many times combined with the following basic convergence result for esti-
mates purpose and so we record it here.
Lemma 2.4.4 There exists N ě 1 such that for all s P H and d ą 0 the integralż
AnpF q
n´1ź
i“1
p1`
∣
∣
∣
∣
ai
ai`1
∣
∣
∣
∣
q´Np1` |an|q
´Nσpaqd|det a|sda
converges absolutely.
2.5 Measures
We equip F with the Haar measure dx “ dψ1x which is autodual with respect to ψ1. For any
n ě 1, F n will be equipped with the n-fold product of this measure. We endow Fˆ with the
Haar measure dˆx “ dˆψ1x “
dx
|x|F
. Similarly, we equip E with the Haar measure dz “ dψ1
E
z
autodual with respect to ψ1E “ ψ
1 ˝ TrE{F and Eˆ with the measure dˆz “ dz|z|E .
Let X be a smooth variety over F . Then to any volume form ω on X (i.e. a differential
form of maximal degree) we can associate a measure |ω|ψ1 on V pF q as follows. Let x P V pF q
and choose local coordinates x1, . . . , xn around x. Then, there exists a function f on some
open neighborhood of x such that on that neighborhood ω “ fpx1, . . . , xnqdx1 ^ . . . ^ dxn.
Then, we define |ω|ψ1 on that neighborhood to be |fpx1, . . . , xnq|Fdψ1x1 . . . dψ1xn. These
locally defined measures can be glue together to give a global measure |ω|ψ1. This standard
construction actually extends to any volume form ω on XF . Indeed, choose a finite extension
K of F such that ω is defined over XK . Then, in local coordinates ω can be written
as ω “ fpx1, . . . , xnqdx1 ^ . . . ^ dxn where this time f takes values in K and we define
|ω|ψ1 locally as |fpx1, . . . , xnq|
1{rK:F s
K dψ1x1 . . . dψ1xn. Once again, we can glue to get a global
measure.
Let G be a connected reductive group over F . We equip GpF q with a canonical measure
dg “ dψ1g as follows. Let GZ be the split reductive group over Z such that GZ,F “ GZˆZF »
GF . We fix such an isomorphism α. Let ωGZ be a generator of the (free of rank 1) Z-
module of GZ-invariant volume form on GZ and ωGZ,F be its base change to GZ,F . We set
ωG
F
:“ α˚pωGZ,F q. Then, ωGF is a GF -invariant volume form on GF which depends on the
various choices only up to a root of unity so that the associated Haar measure dg “ |ωG
F
|ψ1
is independent of all choices (except of course ψ1). We also equip gpF q with the Haar
measure dX “ dψ1X defined by dX :“ |ωG
F
,1|ψ1 where ωG
F
,1 denotes the value of ωG
F
at 1
(a differential form of maximal degree on g). Notice that in the case where G “ Gm, the
measure so defined coincides with the one we have already fixed on Fˆ. More generally,
we obtain on GnpF q the measure dg “ |det g|´n
ś
i,j dgi,j (where dgi,j corresponds to the
ψ1-autodual Haar measure on F ) and on GnpEq the measure dg “ |det g|´nE
ś
i,j dgi,j (where
this time dgi,j corresponds to the ψ1E-autodual Haar measure on E).
The above construction can actually be applied to any algebraic linear group G over
F once we chose a model over Z for GF (if it exists). For example, we will apply this to
G “ Nn, Un and N 1n (see Section 2.2) with their obvious models over Z thus equipping the
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unipotent groups NnpF q, UnpF q, N 1npF q as well as their Lie algebras with Haar measures.
These Haar measures are of course very easy to describe. For example on NnpF q we get the
measure du “
ś
1ďiăjďn dui,j. We will also apply this construction to NnpEq, UnpEq, N
1
npEq
either by considering these groups as the F -points of RE{FNn,E , RE{FUn,E and RE{FN 1n,E
and using the natural isomorphisms pRE{FHEqF » HF ˆHF (H “ Nn, Un, N
1
n) or by doing
the same as before with F replaced by E and ψ1 replaced by ψ1E . Finally, the same can be
applied to endow the Borel subgroups BnpF q, BnpEq and the mirabolic subgroups PnpF q,
PnpEq with right Haar measures (to be denoted simply by db and dp respectively) using the
natural model of Bn and Pn over Z. Notice that the Haar measure so obtained on PnpF q is,
through the decomposition PnpF q “ UnpF q¸Gn´1pF q, the product of the Haar measures on
UnpF q and Gn´1pF q. We also equip PnpF qzGnpF q with the “twisted" measure obtained as
the quotient of the Haar measure dg with the (left) Haar measure |det p|´1dp on PnpF q: then
the integral
ż
PnpF qzGnpF q
.dg is a linear form on the space CcpPnpF qzGnpF q, |det|q of functions
f : GnpF q Ñ C satisfying fppgq “ |det p|fpgq for every pp, gq P PnpF q ˆ GnpF q and which
are of compact support modulo PnpF q. We have the usual integration formulaż
GnpF q
fpgqdg “
ż
PnpF qzGnpF q
ż
PnpF q
fppgq|det p|´1dpdg, f P SpGnpF qq.
Moreover the measure |det g|dg on PnpF qzGnpF q (which is now a true measure, although not
invariant) can be identified with the Haar measure dx1 . . . dxn on F n through the isomor-
phism PnpF qzGnpF q » F nzt0u, g ÞÑ eng. Using this, we readily check the following Fourier
inversion formula
ż
Pn´1pF qzGn´1pF q
ż
UnpEq
ϕpvqψnphvh
´1q´1dv|deth|dh “ |τ |
pn´1q{2
E
ż
UnpF q
ϕpvqdv, ϕ P SpUnpEqq
(2.5.1)
(of course the left-hand side is only convergent as an iterated integral). Here we recall that
τ P Eˆ is of trace zero and ψ is given by ψpzq “ ψ1pTrE{F pτzqq.
If G “ A is a split torus, then we endow iA˚ :“ X˚pAq b iR with the unique Haar
measure giving the quotient iA˚F :“ iA
˚ {p 2iπ
logpqF q
qX˚pAq volume 1 (recall that by convention
qF “ e
1{2 in the Archimedean case). Let zApF q be the unitary dual of ApF q and dψ1χ be the
Haar measure on zApF q dual to the Haar measure we have just fixed on ApF q. Set
dχ :“ γ˚p0, 1F , ψ
1q´ dimpAqdψ1χ(2.5.2)
where γ˚p0, 1F , ψ1q is the “regularized” value at 0 of γps, 1F , ψ1q as defined in Section 2.12
below. Then, dχ is a measure on zApF q which is independent of the choice of ψ1 and moreover
for this measure the local isomorphism
iA˚ Ñ zApF q
χb λ ÞÑ
`
a ÞÑ |χpaq|λF
˘
is locally measure preserving.
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2.6 Representations
In this paper, all representations will be tacitly assumed to be on complex vector spaces. By
a representation of GpF q we will always mean a smooth representation of finite length. Here
smooth has the usual meaning in the p-adic case (i.e. every vector has an open stabilizer)
whereas in the Archimedean case it means a smooth admissible Fréchet representation of
moderate growth in the sense of Casselman-Wallach [Cas], [Wall2, Sect. 11] or, which is the
same, an admissible SF representation in the sense of [BK]. We shall always abuse notation
and denote by the same letter a representation and the space on which it acts. In the
Archimedean case this space is always coming with a topology (it is a Fréchet space) whereas
in the p-adic case it will sometimes be convenient, in order to make uniform statements, to
equip this space with its finest locally convex topology (it then becomes an LF space).
Let π be a representation of GpF q. We denote by π_ the contragredient representation
(aka smooth dual) and by x., .y the natural pairing between π and π_. In the Archimedean
case, π_ can be described as the space of linear forms on π which are continuous with respect
to any GpF q-continuous norm on π together with the natural GpF q-action on it (a norm on
π is said to be GpF q-continuous if the action of GpF q on π is continuous for this norm). If
G “ RE{FGn,E so that GpF q “ GnpEq then we write πc for the composition of π with the
automorphism of GnpEq induced by c and we set
π˚ “ pπ_qc
For χ a continuous character of GpF q we write πbχ for the twist of π by χ and for λ P A˚G,C
by πλ for the twist of π by the character g ÞÑ exλ,HGpgqy. When G “ Gn, we will also write
πx “ π b |det|
x for all x P C.
If G1, G2 are two reductive groups over F and π1, π2 are representations of G1pF q, G2pF q
respectively, we denote by π1 bπ2 the tensor product representation of G1pF qˆG2pF q where
in the Archimedean case this representation is realized on the completed projective tensor
product of π1 and π2.
For π a representation of GpF q, we let End8pπq be the space of endomorphisms T :
π Ñ π which are biinvariant by a compact-open subgroup in the p-adic case and which are
continuous with respect to any GpF q-continuous norm in the Archimedean case. Then the
natural map π_bπ Ñ End8pπq extends to an isomorphism of GpF qˆGpF q-representations
π_bπ » End8pπq. The canonical pairing π_bπ Ñ C extends continuously to End8pπq and
we shall denote this extension by T ÞÑ TracepT q. Moreover, for every function f P SpGpF qq
the expression
πpfqv “
ż
GpF q
fpgqπpgqvdg
converges absolutely in (the space of) π for all v P π and defines an operator πpfq P End8pπq.
For P “ MU a parabolic subgroup of G and σ a representation of MpF q we write
iGP pσq for the corresponding normalized parabolically induced representation: it is the right
regular representation of GpF q on the space of smooth functions e : GpF q Ñ σ satisfying
epmugq “ δP pmq
1{2σpmqepgq for all pm, u, gq P MpF q ˆ UpF q ˆ GpF q. When G “ Gn and
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M is of the form M “ Gn1 ˆ . . .ˆGnk we write
τ1 ˆ . . .ˆ τk
for iGP pτ1 b . . . b τkq where τi is a representation of GnipF q for every 1 ď i ď k. Similarly
when G “ UpV q for V a hermitian space and M is of the form M “ RE{FGn1,E ˆ . . . ˆ
RE{FGnk,E ˆ UpW q for W a non-degenerate subspace of V , we write
τ1 ˆ . . .ˆ τk ¸ σ0
for iGP pτ1 b . . .b τk b σ0q where τi is a representation of GnipEq for every 1 ď i ď k and σ0 a
representation of UpW qpF q.
We denote by IrrpGq the set of all isomorphism classes of irreducible representations of
GpF q. Of course in the Archimedean case irreducible should be understood as topologically
irreducible. For π P IrrpGq, we denote by ωπ : ZGpF q Ñ Cˆ its central character and in the
Archimedean case by χπ : Zpgq Ñ C its infinitesimal character.
Let TemppGq Ă IrrpGq be the subset of tempered irreducible representations andΠ2pGq Ă
TemppGq the further subset of square-integrable representations. For every π P Π2pGq we
define its formal degree dpπq by the relationż
GpF q{AGpF q
xπpgqv1, v
_
1 yxv2, π
_pgqv_2 ydg “
xv1, v
_
2 yxv2, v
_
1 y
dpπq
, v1, v2 P π, v
_
1 , v
_
2 P π
_
Let TempindpGq be the set of isomorphism classes of representations of the form i
G
P pσq where
P “ MU is a parabolic subgroup of G and σ P Π2pMq. The isomorphism class of iGP pσq is
independent of P P PpMq and we shall thus write it as iGM pσq. These representations are
always semi-simple and in fact even unitarizable. According to Harish-Chandra, for M , M 1
two Levi subgroups of G and σ P Π2pMq, σ1 P Π2pM 1q the two representations iGMpσq and
iGM 1pσ
1q have a constituent in common if and only if they are isomorphic and this happens
precisely when there exists g P GpF q such that gMg´1 “ M 1, gσg´1 » σ1. Moreover, every
representation of TemppGq embeds in a unique representation of TempindpGq thus yielding
a map
TemppGq Ñ TempindpGq.
When G “ Gn, the representations iGM pσq (M a Levi subgroup and σ P Π2pMq) are all
irreducible so that TemppGq “ TempindpGq.
For π P TemppGq, we have the following (see [Beu1, (2.2.5)]):
(2.6.1) The assignment T ÞÑ pg P GpF q ÞÑ TracepπpgqT qq defines a continuous linear map
End8pπq Ñ C
w
0 pGpF qq. In particular for every pv, v
_q P π ˆ π_, the function g ÞÑ
xπpgqv, v_y belongs to Cw0 pGpF qq and the bilinear map πˆ π
_ Ñ CwpGpF qq, pv, v_q ÞÑ
pg ÞÑ xπpgqv, v_yq, is continuous.
For M a Levi subgroup of G and σ P Π2pMq we set
W pG, σq “ tw PW pG,Mq | wσ » σu
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Then the map λ P iA˚M ÞÑ i
G
Mpσλq P TempindpGq is W pG, σq-invariant and moreover there
exists a unique topology on TempindpGq such that the induced maps iA
˚
M {W pG, σq Ñ
TempindpGq (for all M and σ) are local isomorphisms near 0. When F “ R and the central
character of σ is trivial on the connected component of AM pF q the map iA
˚
M {W pG, σq Ñ
TempindpGq actually induces an isomorphism between iA
˚
M {W pG, σq and a connected com-
ponent of TempindpGq. In general, connected components of TempindpGq are always of the
form
O “ tiGMpσλq | λ P iA
˚
Mu
for some Levi M and σ P Π2pMq and in the p-adic case these components are all compacts.
For V a topological vector space, we will say that a function f : TempindpGq Ñ V is smooth if
for every Levi subgroupM ofG and every σ P Π2pMq the function λ P iA
˚
M ÞÑ fpi
G
Mpσλqq P V
is smooth.
Assume one moment that G “ UpV q for some hermitian space V over E. Let M be a
Levi subgroup of G of the form
M “ RE{FGn1,E ˆ . . .ˆRE{FGnk,E ˆ UpW q
where W Ă V is a nondegenerate subspace and let
σ “ τ1 b . . . b τk b σ0
be a square-integrable representation of MpF q where τi P Π2pGnipEqq for all 1 ď i ď k and
σ0 P Π2pUpW qq. Recall that the group W pG,Mq can be identified with the subgroup of
permutations w P S2k preserving the partition tti, 2k ` 1 ´ iu | 1 ď i ď ku and such that
nwpiq “ ni for all 1 ď i ď 2k where we have set ni “ n2k`1´i for every k ` 1 ď i ď 2k.
Then, using this identification W pG, σq is the subgroup of element w P W pG,Mq such that
τwpiq » τi for all 1 ď i ď 2k where we have set τi “ τ˚2k`1´i for every k ` 1 ď i ď 2k.
Assume that F “ R. We define a norm π ÞÑ Npπq on TemppGq as in [Beu1, §2.2] that is:
fix a maximal torus T Ă G and fix a W pGC, TCq-invariant norm on tpCq˚, then identifying
the infinitesimal character χπ with an element of tpCq˚{W pGC, TCq by the Harish-Chandra
isomorphism we set
Npπq “ 1` ‖χπ‖.
Since Npπq only depends on the infinitesimal character χπ it also makes sense for π P
TempindpGq. The same definition also makes sense for disconnected groups and will in
particular be applied to maximal compact subgroups ofGpRq. Note that there exists z P Zpgq
such that
Npπq ! χπpzq, π P TempindpGq(2.6.2)
Indeed if z1, . . . , zn is a generating family of homogeneous elements of Zpgq then we can take
z “ 1 `
řn
i“1 ziz
˚
i where u ÞÑ u
˚ denotes the conjugate-linear antiautomorphism of Upgq
sending every X P gpF q to ´X.
24
2.7 Spectral measures
We define two measures dψ1π and dπ on TempindpGq as follows. Let M be a Levi subgroup
of G. Then, we define dψ1σ (resp. dσ) to be the unique Borel measure on Π2pMq for which
the local isomorphism
Π2pMq Ñ {AMpF q(2.7.1)
σ ÞÑ ωσ |AM pF q
is locally measure preserving when {AMpF q is equipped with the Haar measure dψ1χ (resp.
dχ). The induction map
iGM : Π2pMq Ñ TempindpGq(2.7.2)
σ ÞÑ iGM pσq
is quasi-finite and proper with image the union of certain connected components of TempindpGq.
The restrictions of dψ1π and dπ to this image are then defined to be |W pG,Mq|´1iGM˚dψ1σ
and |W pG,Mq|´1iGM˚dσ respectively where i
G
M˚dψ1σ and i
G
M˚dσ stands for the push-forward
of the measures dψ1σ and dσ respectively.
Near a representation π0 P TempindpGq the measure dπ can be described more explicitly
as follows. Let M be a Levi subgroup of G and σ P Π2pMq such that π0 » iGMpσq. Let V
be a sufficiently small W pG, σq-invariant open neighborhood of 0 in iA˚M such that the map
λ P iA˚M ÞÑ πλ :“ i
G
Mpσλq induces a topological isomorphism between V{W pG, σq and an
open neighborhood U of π0 in TempindpGq. Then, we have the integration formulaż
U
ϕpπqdπ “
1
|W pG, σq|
ż
V
ϕpπλqdλ, ϕ P CcpUq(2.7.3)
As said before, when F “ R and the central character of σ is trivial on the connected
component of AMpF q (which we can always be arranged up to twisting σ by an unramified
character) we can take V “ iA˚M and U “ O the connected component of π0 in TempindpGq.
Finally, we have the following basic estimates:
(2.7.4) There exists k ě 1 such that the integralż
TempindpGq
Npπq´kdπ
converges.
2.8 Whittaker models
Assume that G is quasi-split, let B “ TN be a Borel subgroup of G and ξ : NpF q Ñ S1
be a generic character. Recall that π P IrrpGq is said to be pN, ξq-generic if there exists a
nonzero continuous linear form λ : π Ñ C satisfying λ ˝πpuq “ ξpuqλ for all u P NpF q. Such
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a linear form, which we call a pN, ξq-Whittaker functional, is always unique up to a scalar
([CHM, Theorem 9.2], [Rod, Théorème 2]). If π is pN, ξq-generic, we denote by Wpπ, ξq its
Whittaker model i.e. the space of all functions of the form g P GpF q ÞÑ λpπpgqvq where λ is
a nonzero pN, ξq-Whittaker functional on π. Since the uniqueness of Whittaker functionals
still holds for representations parabolically induced from irreducible ones ([CHM, Theorem
9.1], [Rod, Théorème 4]), all of these definitions trivially extend to any π P TempindpGq. The
following lemma is [Wall2, Lemma 15.7.3] in the Archimedean case and follows from [LM,
Theorem 3.1] in the p-adic case (the second part of the lemma is automatic by the closed
graph theorem).
Lemma 2.8.1 Let π P TempindpGq which is pN, ξq-generic. Then, we have Wpπ, ξq Ă
CwpNpF qzGpF q, ξq. Moreover if v ÞÑ Wv is an isomorphism between π and its Whittaker
model, the linear map v P π ÞÑWv P C
wpNpF qzGpF q, ξq is continuous.
Assume now thatG “ RE{FGn. We define a scalar product p., .qWhitt on C
wpNnpEqzGnpEq, ψnq
by
pW,W 1qWhitt “
ż
NnpEqzPnpEq
W ppqW 1ppqdp, W,W 1 P CwpNnpEqzGnpEq, ψnq
This integral is easily seen to be absolutely convergent by Lemma 2.4.3 and Lemma 2.4.4
and we have the following result which is due to Bernstein [Ber2] in the p-adic case and
independently Baruch [Bar] and Jacquet [Jac, Proposition 5] in the Archimedean case.
Theorem 2.8.2 For π P TemppGnpEqq, the restriction of p., .q
Whitt to Wpπ, ψnq is GnpEq-
invariant.
2.9 Space of Schwartz functions on TempindpGq
Let V be a Fréchet space or a strict LF space then we define SpTempindpGq, V q as the space
of functions f : TempindpGq Ñ V such that
• f is smooth (in the sense of Section 2.6);
• In the Archimedean case, f and all its derivatives are of rapid decay: for every Levi
subgroup M of G, every k ě 1, every continuous semi-norm ν on V and every D P
Sym‚pA˚M,Cq that we see as a differential operator with constant coefficients on iA
˚
M
we have
ν
`
Dpλ P iA˚M ÞÑ fpi
G
Mpσλqqqλ“0
˘
! NpiGM pσqq
´k
for all σ P Π2pMq.
• In the p-adic case: f has compact support.
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When V is Fréchet, SpTempindpGq, V q has a natural structure of Fréchet space whereas if
V “
Ť
ně1 Vn with pVnqně1 an increasing sequence of closed Fréchet subspaces then we have
(as a bounded subset of V is included in one of the Vn and Fréchet spaces are complete)
SpTempindpGq, V q “ limÝÑ
n
SpTempindpGq, Vnq
thus making SpTempindpGq, V q into a LF space. For any integer k ě 1, we define similarly
SpkqpTempindpGq, V q by only asking that for all Levi subgroup M of G and σ P Π2pMq the
map λ P iA˚M ÞÑ fpi
G
Mpσλqq P V to be C
k plus the same condition of compact support (in
the p-adic case) or of rapid decay for derivatives up to order k (in the Archimedean case).
Once again, SpkqpTempindpGq, V q is a naturally a LF (resp. Fréchet) space when V is a strict
LF (resp. Fréchet) space.
More generally, let V “
Ť
dě1 Vd be a tame LF space. Then, we define SpTempindpGq, V q
as the space of functions f : TempindpGq Ñ V such that there exist a, b ě 1 with f P
SpkqpTempindpGq, Vak`bq for all k ě 1. With this definition SpTempindpGq, V q has a natural
structure of LF space and moreover if T : V ÑW is a tame continuous linear map between
tame LF spaces, the composition f ÞÑ T ˝ f maps SpTempindpGq, V q into SpTempindpGq,W q
and induces a continuous mapping SpTempindpGq, V q Ñ SpTempindpGq,W q. In this pa-
per we will only consider the cases where V “ C, V “ CwpGpF qq or CwpNpF qzGpF q, ξq.
In the first case, we will simply set SpTempindpGqq “ SpTempindpGq,Cq and we will de-
note by ScpTempindpGqq the subspace of functions f P SpTempindpGqq which are supported
in a finite number of connected components of TempindpGq (in the p-adic case we have
ScpTempindpGqq “ SpTempindpGqq). Finally, given the definition of the topology on C
w
d pGpF qq,
the following criterion is clear.
Lemma 2.9.1 Let f : TempindpGq Ñ C
wpGpF qq be a smooth function which is of compact
support in the p-adic case. Then f belongs to SpTempindpGq, C
wpGpF qqq if and only if it
satisfies the following condition: there exist a, b ě 1 such that for every Levi subgroup M of
G, every D P Sym‚pA˚M,Cq and also every k ě 1 and u, v P Upgq in the Archimedean case we
have
|D pλ ÞÑ fpπλqpgqqλ“0| ! Ξ
GpgqσpgqadegpDq`b in the p-adic case,
|D pλ ÞÑ pRpuqLpvqfpπλqqpgqqλ“0| ! Npπq
´kΞGpgqσpgqadegpDq`b in the Archimedean case
for all σ P Π2pMq and g P GpF q where we have set πλ “ i
G
M pσλq, π “ π0 and degpDq denotes
the degree of D.
2.10 Local Langlands correspondences and base-change
Let WF be the Weil group of F and
W 1F “
"
WF ˆ SL2pCq if F is p´ adic
WF if F is Archimedean
the Weil-Deligne group of F .
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For G a connected reductive group over F , we will denote by LG “ G_ ¸WF the Weil
form of the L-group of G where G_ denotes the Langlands dual of G (a connected reductive
complex group) and the action of WF on G_ is by pinned automorphisms. We will actually
abuse this notation slightly and denote by LGnpEq and LGnpEq the L-groups of the natural
connected reductive groups over F of which GnpEq and GnpEq are the sets of F -points.
Thus, we have
LGnpEq “ pGLnpCq ˆGLnpCqq ¸WF
where the action of WF on GLnpCq ˆGLnpCq is given by
σ ¨ pg1, g2q “
"
pg2, g1q if σ PWF zWE
pg1, g2q otherwise
and LGnpEq is the subgroup of elements pg1, g2, σq P LGnpEq such that detpg1q detpg2q “ 1.
If V is a hermitian space of dimension n over E, we have LUpV q “ GLnpCq ¸WF where the
action of WF on GLnpCq is given by
σ ¨ g “
"
Jn
tgJ´1n if σ PWF zWE
g otherwise
with Jn “
¨˚
˝ 1. . .
p´1qn´1
‹˛‚.
Recall that a Langlands parameter for G (or by abuse of language for GpF q) is a G_-
conjugacy class of continuous homomorphisms: ϕ : W 1F Ñ
LG which are algebraic when
restricted to SL2pCq (in the p-adic case), sendingWF to semi-simple elements and commuting
with the natural projections W 1F Ñ WF ,
LG Ñ WF . A Langlands parameter ϕ is tempered
(resp. discrete) if the projection of ϕpWF q in G_ is bounded (resp. if it is tempered and
the centralizer of ϕpW 1F q in G
_ is finite modulo ZpG_qWF ). We shall denote by ΦpGq, resp.
ΦtemppGq, resp. Φ2pGq, the set of all, resp. all tempered, resp. all discrete, Langlands
parameters for G.
The local Langlands correspondence postulates the existence of a finite-to-one map
IrrpGq Ñ ΦpGq, π ÞÑ ϕπ satisfying certain properties and whose fibers are usually called
L-packets (of G). This correspondence has been established in some cases: for any real
reductive group by Langlands [La] and in the p-adic case for GnpF q by Harris-Taylor [HT],
Henniart [Hen] and Scholze [Sch] and more recently for unitary groups UpV q by Mok [Mok]
and Kaletha-Minguez-Shin-White [KMSW] (following the work of Arthur [Art3] for split
orthogonal and symplectic groups). These correspondences naturally extend to product of
such groups, including in particular all Levi subgroups of groups in the previous list, as well
as groups obtained by extension of scalars or quotient by a split central torus thus including
GnpEq and GnpEq in our list. The basic properties of these correspondences that we shall
use in this paper are listed below (where M denotes a Levi subgroup of G):
• It sends TemppGq (resp. Π2pGq) to ΦtemppGq (resp. Φ2pGq). Moreover the map
TemppGq Ñ ΦtemppGq factorizes through the quotient TempindpGq;
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• If G is quasi-split then IrrpGq Ñ ΦpGq, TempindpGq Ñ ΦtemppGq and Π2pGq Ñ Φ2pGq
are all surjective (in particular this applies to Upnq) and these are even bijections for
GnpF q, GnpEq and GnpEq.
• For σ P TemppMpF qq and π a constituent of iGMpσq we have ϕπ “ ι ˝ ϕσ where ι :
LM Ñ LG is the natural embedding between L-groups. Conversely, if ϕπ “ ι ˝ ϕM
where ϕM P Φ2pMq then there exists σ P Π2pMq with ϕσ “ ϕM such that π ãÑ iGM pσq.
• For π P IrrpGq and λ P A˚G,C “ X
˚pGq b C, we have ϕπλ “ ϕ|.|
λ where |.|λ is the
character W 1F Ñ pZpG
_qWF q0 “ X˚pGq b Cˆ obtained by composing the absolute
value |.| on W 1F with the character t P R
˚
` ÞÑ t
λ P X˚pGq b Cˆ;
• If G “ G1 ˆG2 and π “ π1 b π2 P IrrpGq then the Langlands parameter ϕ of π is the
product in a suitable sense of the Langlands parameters ϕ1 and ϕ2 of π1 and π2.
We will denote by TemppGq{ stab the quotient of TemppGq by the relation π „stab π1 ô
ϕπ “ ϕπ1 (i.e. the set of tempered L-packets for G). This notation will actually only be used
for unitary groups, as for other groups considered in this paper (general linear groups and
their variants) we have TemppGq{ stab “ TemppGq. Note that we have natural surjections
TemppGq Ñ TemppGq{ stab and TempindpGq Ñ TemppGq{ stab (by the first point above). If
Gqs is a quasi-split inner form of G (e.g. G is a unitary groups of rank n and Gqs “ Upnq),
by the second point above we have a natural identification TemppGqsq{ stab “ ΦtemppGqsq
and since G and Gqs share the same L-group ΦtemppGqsq “ ΦtemppGq and the Langlands
correspondence gives a map TempindpGq Ñ TemppGqsq{ stab.
Lemma 2.10.1 Assume that G is a product of unitary groups. Then, there exists a unique
topology on TemppGqsq{ stab such that TempindpGqsq Ñ TemppGqsq{ stab is a local isomor-
phism and for every connected component O Ă TempindpGq the map O Ñ TemppGqsq{ stab
induces an isomorphism between O and a connected component of TemppGqsq{ stab.
Proof: As the Langlands correspondence is compatible with products (cf. last point above),
we may assume that G “ UpV q for V a hermitian space of dimension n over E and Gqs “
Upnq. Let π P TempindpGq and O Ă TempindpGq be its connected component. We can write
π “ iGMpσq whereM is a Levi subgroup of the formM “ RE{FGn1ˆ. . .ˆRE{FGnkˆUpW q, for
a certain non-degenerate subspaceW Ă V of dimensionm, and σ “ τ1b. . .bτkbσ0 P Π2pMq.
Let π1 P TempindpUpnqq be such that ϕπ1 “ ϕπ and O
1 Ă TempindpUpnqq be its connected
component. Then, by the compatibility of LLC with parabolic induction (third point above)
and with products, we have π1 “ iUpnqL pσ
1q where L is a Levi subgroup (of Upnq) of the form
L “ RE{FGn1ˆ. . .ˆRE{FGnkˆUpmq and σ
1 “ τ1b. . .bτkbσ
1
0 for some σ
1
0 P Π2pUpmqq. There
exist identifications iA˚M » piRq
k » iA˚L such that πλ :“ i
G
Mpσλq “ τ1,λ1ˆ . . .ˆτk,λk¸σ0 and
π1λ :“ i
Upnq
L pσ
1
λq “ τ1,λ1ˆ . . .ˆτk,λk¸σ
1
0 for every λ P piRq
k. By the compatibility of LLC with
unramified twists (fourth point above) and with parabolic induction we see that ϕπλ “ ϕπ1λ
for every λ P piRqk. Moreover, by the precise descriptions of W pG, σq and W pUpnq, σ1q given
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in Section 2.6, there is an isomorphismW pG, σq » W pUpnq, σ1q compatible with the previous
identification. Therefore, we have a commutative diagram
iA˚M {W pG, σq

iA˚L {W pUpnq, σ
1q

O
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙ O
1
uu❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
TemppGqsq{ stab
where the two vertical arrows, given by λ ÞÑ πλ and λ ÞÑ π1λ, are surjective and local
isomorphisms near 0 (by definition of the topologies on TempindpGq and TempindpUpnqq).
Using the above diagram for G “ Gqs and π, π1 any two tempered representations lying
in the same L-packet, we conclude that TemppGqsq{ stab has a unique topology such that
TempindpGqsq Ñ TemppGqsq{ stab is a local isomorphism. Moreover, the same diagram shows
that for any G the map TempindpGq Ñ TemppGqsq{ stab is a local isomorphism and that the
image of any two connected components O1,O2 Ă TempindpGq in TemppGqsq{ stab are either
disjoint or identical.
Thus, to conclude the proof it only remains to show that O Ñ TemppUpnqq{stab is
injective. If ϕπλ “ ϕπµ for some λ, µ P iA
˚
M , by the compatibility of LLC with parabolic
induction and products we have πµ » τ1,λ1 ˆ . . . ˆ τk,λk ¸ σ
2
0 for some σ
2
0 P Π2pUpW qq.
According to Harish-Chandra, this implies that the representations τ1,µ1 b . . . b τk,µk b σ0
and τ1,λ1 b . . .b τk,λk bσ
2
0 ofMpF q are conjugated under W pG,Mq hence σ
2
0 “ σ0 and finally
πµ “ πλ. 
Still assuming that G is a product of unitary groups, by the previous lemma there
exists a unique Borel measure on TemppGqsq{ stab for which the map TempindpGqsq Ñ
TemppGqsq{ stab is locally measure preserving where we equip TempindpGqsq with the mea-
sure dπ defined in Section 2.6 and we shall also denote this measure by dπ. Arguing similarly
as in the proof of previous lemma, we see that the map TempindpGq Ñ TemppGqsq{ stab is
also locally measure preserving. Therefore, we have the integration formulasż
TempindpGq
fpπqdπ “
ż
TemppGqsq{ stab
ÿ
π1PTempindpGq
ϕπ1“ϕπ
fpπ1qdπ, f P CcpTempindpGqq(2.10.1)
ż
U{ stab
ϕpπqdπ “
1
|W pG, σq|
ż
V
ϕpπλqdλ, ϕ P CcpU{ stabq(2.10.2)
where π, σ, U and V are as in 2.7.3 and U { stab denotes the image of U in TemppGqsq{ stab
(which by Lemma 2.10.1 is isomorphic to U).
For V be a hermitian space of dimension n over E we define a morphism BC : LUpV q Ñ
LGnpEq called base-change by pg, σq ÞÑ pg, Jntg´1J´1n , σq. This induces a map between set
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of Langlands parameters ΦtemppUpV qq Ñ ΦtemppGnpEqq and thus composing with the Lang-
lands correspondence a map TemppUpV qq{ stabÑ TemppGnpEqq which we shall also denote
by BC. This map is injective and has its image contained in the subset of representations
π P TemppGnpEqq satisfying π » π˚. The base-change map satisfies the following basic
properties:
(2.10.3) ωBCpσqpzq “ ωσpz{zcq for all σ P TemppUpV qq and all z P Eˆ.
(2.10.4) BCpτ ¸ σq “ τ ¸BCpσq for all τ P TemppGmpEqq and σ P TemppUpW qq where W
is a certain hermitian space with dimpW q ` 2m “ n.
At some point it will be convenient to consider certain twists of this base-change map. Recall
that we have defined a character η1n of GnpEq in Section 2.2. We set BCnpσq “ BCpσq b η
1
n
for all σ P TemppUpV qq{ stab. When n is odd BCn “ BC and when n is even BCn is usually
called unstable base-change. The following property characterizes the image of BCn from a
quasi-split unitary group:
(2.10.5) Let π P TemppGnpEqq. Then, π belongs to the image of BCn : TemppUpnqq Ñ
TemppGnpEqq if and only if it can be written as
π “
˜
ką
i“1
τi ˆ τ
˚
i
¸
ˆ
ℓą
j“1
µj
where for every 1 ď i ď k, τi P Π2pGnipEqq for some ni ě 1 and for every 1 ď j ď ℓ,
µj P BCmj pTemppUpmjqqq X Π2pGmj pEqq for some mj ě 1.
2.11 Groups of centralizers
Let G be a general linear groups or one of its variant (e.g. such that GpF q “ GnpEq or
GnpEq) or a product of unitary groups. Let π P TemppGq and choose a Levi subgroup M
of G and σ P Π2pMq such that π ãÑ iGMpσq. We set Sπ :“ Sϕσ where ϕσ : W
1
F Ñ
LM is
the Langlands parameter of σ and Sϕσ denotes the centralizer of ϕσ in pM{AM q
_ (which is
naturally a subgroup of M_). We will actually not need the precise definition of this group.
All that matter is its cardinality which can be explicitly computed using the following short
list of properties that Sπ satisfies (all of them being standard or very easy):
(2.11.1) For π P TemppUpnqq (resp. π P TemppGnpEqq) which embeds in π1 ˆ . . . ˆ πt ¸ σ0
(resp. π1 ˆ . . . ˆ πt) where for every 1 ď i ď t, πi P Π2pGnipEqq for some ni ě 1 and
σ0 P Π2pUpmqq for some m ě 0, we have
Sπ » Sπ1 ˆ . . .ˆ Sπt ˆ Sσ0 presp. Sπ » Sπ1 ˆ . . .ˆ Sπtq.
(2.11.2) Sπ » Z {2nZ for every π P Π2pGnpEqq.
(2.11.3) For σ P Π2pUpnqq, we have Sσ » pZ {2Zqk where k is such that BCpσq » π1ˆ. . .ˆπk
for some πi P Π2pGnipEqq (1 ď i ď k).
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Finally, we note that, for V a hermitian space, the assignment π P TemppUpV qq ÞÑ Sπ
factorizes through TempindpUpV qq and even through TemppUpV qq{ stab so that it can as well
been considered as an assignment on these former sets.
2.12 Local γ-factors
Let ϕ : W 1F Ñ GLpMq be a continuous semi-simple and algebraic when restricted to SL2pCq
finite dimensional complex representation of W 1F . We associate to ϕ a local L-factor Lps, ϕq
and a local ǫ-factor ǫps, ϕ, ψ1q as in [Ta, §3] and [GR, §2.2]. In the p-adic case, Lps, ϕq is
of the form P pq´sF q where P P CrT s is such that P p0q “ 1 whereas ǫps, ϕ, ψ
1q is of the form
cqnps´1{2q where n P Z and c “ ǫp1{2, ϕ, ψ1q P Cˆ. In the Archimedean case, Lps, ϕq is a
product of functions of the form π´ps`s0q{2Γpps` s0q{2q for some s0 P C and ǫps, ϕ, ψ1q is of
the form cQs´1{2 where Q P R˚` and c “ ǫp1{2, ϕ, ψ
1q P Cˆ. When ϕ “ 1F is the trivial
one-dimensional representation of W 1F , we will also write ζF psq for Lps, 1F q. We have
ζF psq “
"
p1´ q´sF q
´1 if F is p-adic
π´
s
2Γp s
2
q if F “ R
In both cases we have ζF psq „sÑ0 ps logpqF qq´1 (where we recall that we set qR “ e1{2).
Returning to the general case, we define the local γ-factor associated to ϕ as
γps, ϕ, ψ1q “ ǫps, ϕ, ψ1q
Lp1´ s, ϕ_q
Lps, ϕq
where ϕ_ stands for the contragredient of ϕ. These factors are additive: for every (semi-
simple, continuous, algebraic) complex representations ϕ, ϕ1 of W 1F we have
γps, ϕ‘ ϕ1, ψ1q “ γps, ϕ, ψ1qγps, ϕ1, ψ1q(2.12.1)
Of course, we can define similarly γ-factors γps, ϕ, ψ1Eq for any (semi-simple, continuous and
algebraic) complex representation of W 1E where ψ
1
E is the additive character of E defined by
ψ1Kpzq “ ψ
1pTrE{F pzqq. Set
λE{F pψ
1q “ γp
1
2
, ηE{F , ψ
1q “ ǫp
1
2
, ηE{F , ψ
1q
where we consider ηE{F as a character of W 1F through local class field theory. Then, λE{F pψ
1q
is a fourth root of unity and if ϕ is a complex representation of W 1E of dimension n, by the
inductivity of γ-factors in degree 0 ([Ta, Theorem 3.4.1]) we have
γps, ϕ, ψ1Eq “ λE{F pψ
1q´nγps, Ind
W 1
F
W 1
E
ϕ, ψ1q(2.12.2)
where Ind
W 1
F
W 1
E
ϕ denotes the representation induced by ϕ from W 1E to W
1
F .
The following property of Archimedean γ-factors will be used repeatedly:
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(2.12.3) In the Archimedean case the γ-factor γps, ϕ, ψ1q and its inverse are of moderate
growth on vertical strips away from their poles together with all their derivatives.
Moreover, if ϕ is tempered, meaning that ϕpWF q is bounded in GLpMq, the local γ-factor
γps, ϕ, ψ1q does not vanish in H and has no pole in ´H. For such a ϕ, we will set
γ˚p0, ϕ, ψ1q “ lim
sÑ0
ζF psq
nϕγps, ϕ, ψ1q
where nϕ is the order of the zero of γps, ϕ, ψ1q at s “ 0.
Assuming that the local Langlands correspondence is known for G, for every continuous
complex representation r : LGÑ GLpMq which is semi-simple and bounded when restricted
to WF and algebraic on G_ and every π P IrrpGq we set Lps, π, rq “ Lps, r ˝ ϕπq and
γps, π, r, ψ1q “ γps, r ˝ ϕπ, ψ
1q. For π P TemppGq, the representation r ˝ ϕπ is tempered and
therefore
(2.12.4) γps, π, r, ψ1q does not vanish in H and has no pole in ´H.
Still for π P TemppGq, we set (as before)
γ˚p0, π, r, ψ1q “ lim
sÑ0
ζF psq
nπ,rγps, π, r, ψ1q
where nπ,r is the order of the zero of γps, π, r, ψ1q at s “ 0. We will need the following result
which is probably well-known but for which, in lack of a proper reference, we provide a quick
proof.
Lemma 2.12.1 Assume that F “ R. Then for all s P H there exists k ě 1 such that
|γ˚p0, π, r, ψ1q| ! Npπqk and |γps, π, r, ψ1q´1| ! Npπqk
for all π P TemppGq.
Proof: Since for every Levi subgroup M of G the functions σ P Π2pMq ÞÑ NpiGM pσqq,
σ P Π2pMq ÞÑ Npσq are equivalent and γps, iGMpσq, r, ψ
1q “ γps, σ, r ˝ ιM , ψ
1q where ιM :
LM ãÑ LG is the natural embedding of L-groups, we are immediately reduced to prove a
similar statement for discrete series. Thus, we assume that GpRq admits discrete series. Let
T Ă G be a maximal elliptic torus, BC Ă GC a Borel subgroup containing TC and ρ half
the sum of the roots of tC in bC. Then, there exists an embedding of L-groups ι : LT Ñ LG
(here it is important to consider Weil forms of L-groups) such that for every π P Π2pGq there
exists χ P zT pRq with ϕπ “ ι ˝ ϕχ and the equality of infinitesimal characters χπ “ dχ ` ρ
in tpCq˚{W pGC, TCq where we have identified χπ with an element of the latter set through
Harish-Chandra isomorphism. In particular, it follows that γps, π, r, ψ1q “ γps, χ, r ˝ ι, ψ1q
and Npπq „ Npχq so that we are ultimately reduced to the case where G “ T is a torus.
Moreover, since r is semi-simple, we may assume that r is irreducible. It is then of dimension
one or two. Assume first that dimprq “ 2. Then, r is induced from a character µ of T_ˆWC
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and for every χ P zT pRq the representation r ˝ ϕχ is induced from the representation µ ˝ ϕχC
of WC where χC P zT pCq is the composition of χ with the norm map T pCq Ñ T pRq hence
γps, χ, r, ψ1q “ λC{Rpψ
1qγps, χC, µ, ψ
1
Cq
Furthermore, the restriction of µ to T_ determines a cocharacter Gm,C Ñ TC hence a mor-
phism µ1 : WC “ Cˆ Ñ T pCq and denoting by µ2 the restriction of µ to WC (a unitary
character) we have
γps, χC, µ, ψ
1
Cq “ γps, pχC ˝ µ1qµ2, ψ
1
Cq, χ P
zT pRq
As NppχC ˝ µ1qµ2q ! Npχq for all χ P zT pRq, in this case the lemma is a consequence of
the inequalities |γ˚p0, ν, ψ1Cq| ! Npνq and |γps, ν, ψ
1
Cq|
´1 ! Npνqℜp2s´1q for all ν P yWC “
TemppCˆq which can be checked directly using standard properties of the Gamma function.
Indeed for all ν P xCˆ, dν : CÑ iR is of the form z ÞÑ zpνqz ´ zpνqz for an unique zpνq P C
and we have
|γps, ν, ψ1Cq| “
$’’&’’%
Cpψ1Cq
ℜps´1{2q
∣
∣
∣
Γp1´s`zpνqq
Γps`zpνqq
∣
∣
∣ if zpνq P H
Cpψ1Cq
ℜps´1{2q
∣
∣
∣
Γp1´s´zpνqq
Γps´zpνqq
∣
∣
∣ if zpνq P ´H
where Cpψ1Cq P R
˚
` only depends on ψ
1
C. As Npνq „ |zpνq| for all ν P xCˆ, the claimed
inequalities are simple consequences of the fact that
∣
∣
∣
∣
Γpa` zq
Γpb` zq
∣
∣
∣
∣
! |z|ℜpa´bq
for all z P H, a in a fixed compact subset of H and b in a fixed compact subset of C which
itself can be deduced from Stirling’s asymptotic formula (cf. [WW, §13.6]).
Assume now that dimprq “ 1. Then, the restriction of r to T_ comes from a cocharacter
Gm,R Ñ T inducing a morphism µ1 : W abR » R
ˆ Ñ T pRq and denoting by µ2 the restriction
of r to WR we have
γps, χ, r, ψ1q “ γps, pχ ˝ µ1qµ2, ψ
1q, χ P zT pRq
As Nppχ ˝ µ1qµ2q ! Npχq for all χ P zT pRq, in this case the lemma is a consequence of
the inequalities |γ˚p0, ν, ψ1q| ! Npνq1{2 and |γps, ν, ψ1q|´1 ! Npνqℜps´
1
2
q for all ν P yW abR “
TemppRˆq which can again be checked directly using standard properties of the Gamma
function. 
In this paper, we will only consider γ-factors associated to the following representations
of L-groups:
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• r “ Ad is the adjoint representation of LG on LiepG_q. This notation will be used for
all groups encountered in this paper with the exception of GnpEq where we will denote
this representation by Ad (in order to distinguish it from the adjoint representation of
LGnpEq). Note that we have
γps, π,Ad, ψ1q “ γps, 1F , ψ
1qγps, π,Ad, ψ1q(2.12.5)
for all π P IrrpGnpEqq (the first γ-factor being defined by viewing π as a representation
of GnpEq).
• The tensor product representation r of LpGnpEqˆGmpEqq (m,n P N
˚). It is the induced
to LpGnpEq ˆ GmpEqq of the representation ppg1, g2q, pg3, g4q, σq ÞÑ g1 b g2 P GLmnpCq
of the index two subgroup pGnpEq_ ˆ GmpEq_q ˆWE. In this case, for all pπ, π1q P
IrrpGnpEqqˆ IrrpGmpEqq we will write γps, πˆπ1, ψ1q for γps, πb π1, r, ψ1q (this should
not be confused with the standard γ-factor of the representation πˆπ1 P IrrpGm`npEqq,
but we will never consider standard γ-factors in this paper).
• r “ As : LGnpEq Ñ GLpC
n b Cnq the Asai representation which is defined by
Aspg1, g2q “ g1 b g2 for g1, g2 P GLnpCq and Aspσq “ ι if σ P WF zWE where
ι P GLpCn b Cnq is given by ιpv b wq “ w b v.
The corresponding γ-factors satisfy the following properties (where we omit the additive
character ψ1 since it is fixed throughout in this paper)
γps, π|.|xE,Adq “ γps, π,Adq, pπ P IrrpGnpEqq, x P Cq.(2.12.6)
γps, π1 ˆ π2,Adq “ γps, π1,Adqγps, π2,Adqγps, π1 ˆ π
_
2 qγps, π
_
1 ˆ π2q,(2.12.7)
ppπ1, π2q P IrrpGnpEqq ˆ IrrpGmpEqqq.
γps, π,Adq has a simple zero at s “ 0 for every π P Π2pGnpEqq.(2.12.8)
γps, π1 ˆ pπ2 ˆ π3qq “ γps, π1 ˆ π2qγps, π1 ˆ π3q(2.12.9)
ppπ1, π2, π3q P TemppGnpEqq ˆ TemppGmpEqq ˆ TemppGkpEqqq
(here π2 ˆ π3 denotes the parabolic induction of π2 b π3 to Gm`kpEq).
γps, π1|.|
x
E ˆ π2|.|
y
Eq “ γps` x` y, π1 ˆ π2q,(2.12.10)
ppπ1, π2q P IrrpGnpEqq ˆ IrrpGmpEqq, x, y P Cq.
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(2.12.11) For every pπ1, π2q P Π2pGnpEqq ˆ Π2pGmpEqq, γps, π1 ˆ π2q has at most a simple
zero at s “ 0 and moreover
γp0, π1 ˆ π2q “ 0ô π1 » π
_
2 .
γps, π|.|xE,Asq “ γps` 2x, π,Asq, pπ P IrrpGnpEqq, x P Cq.(2.12.12)
γps, π1 ˆ π2,Asq “ γps, π1,Asqγps, π2,Asqγps, π1 ˆ π
c
2q,(2.12.13)
pπ1, π2q P IrrpGnpEqq ˆ IrrpGmpEqq.
(2.12.14) For every π P Π2pGnpEqq, γps, π,Asq has at most a simple zero at s “ 0 and
moreover
γp0, π,Asq “ 0ô π P BCnpTemppUpnqqq.
γps, σ,Adq “
γps, BCnpσq,Adq
γps, BCnpσq,Asq
, pσ P TemppUpV qq, n “ dimpV qq.(2.12.15)
2.13 Harish-Chandra Plancherel formula
Let f P SpGpF qq. For all π P TempindpGq we define a function fπ by
fπpgq “ Tracepπpgqπpf
_qq, g P GpF q
where f_pxq “ fpx´1q. Recall that in Section 2.4, we have introduced the space
SpTempindpGq, C
wpGpF qqq of Schwartz functions TempindpGq Ñ C
wpGpF qq. The following is
probably well-known but in lack of a proper reference we provide a proof in Appendix A.
Proposition 2.13.1 For all π P TempindpGq we have fπ P C
wpGpF qq, the map π ÞÑ fπ
belongs to SpTempindpGq, C
wpGpF qqq and moreover the linear map
f P SpGpF qq ÞÑ pπ ÞÑ fπq P SpTempindpGq, C
wpGpF qqq
is continuous.
According to Harish-Chandra (see [H-C2], [Wald1]), there exists a (necessarily unique)
Borel measure dµG on TemppGpF qq such that
fpgq “
ż
TemppGpF qq
fπpgqdµGpπq(2.13.1)
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for all f P SpGpF qq and g P GpF q. Moreover, dµGpπq “ µGpπqdψ1π where dψ1π is the measure
on TempindpGq defined in Section 2.5 and for π “ i
G
Mpσq, where M is a Levi subgroup of G
and σ P Π2pMq, we have
µGpπq “ dpσqjpσq
´1
where dpσq is the formal degree of τ (as defined in Section 2.6) and jpσq is a certain product
of standard intertwining operators that we won’t need to describe precisely here. When π
is a discrete series we simply have µGpπq “ dpπq. In the Archimedean case the function
π ÞÑ µGpπq is of moderate growth i.e. there exists k ą 0 such that
µGpπq ! Npπq
k, π P TempindpGq(2.13.2)
Combining this with Proposition 2.13.1 we see that the integral
ż
TempindpGq
fπdµGpπq makes
sense in CwpGpF qq and by 2.13.1 it follows that
f “
ż
TempindpGq
fπdµGpπq in C
wpGpF qq.(2.13.3)
Recall that in Section 2.11 we have associated to any π P TemppGnpEqq a finite abelian
group Sπ. By 2.11.1 and 2.11.2 we immediately see that if π is induced from a discrete series
of a Levi of the form M “ RE{FGn1,E ˆ . . .ˆRE{FGnk,E then
|Sπ| “ 2
kn1 . . . nk(2.13.4)
Finally recall that we have set GnpEq :“ GnpEq{ZnpF q (i.e. the group of F -points of the
quotient pRE{FGn,Eq{Zn,F ). The following formula for dµGnpEq is essentially due to Harish-
Chandra [H-C2] in the Archimedean case and Shahidi [Sha1] and Silberger-Zink [SZ] in the
p-adic case. Actually, this also incorporates a reformulation of the result of Silberger-Zink
due to Hiraga-Ichino-Ikeda [HII]. Because our normalization of measures does not compare
obviously to theirs (in particular because we have normalized everything by considering
GnpEq as an F -group) we provide a short proof to explain the relation.
Proposition 2.13.2 We have the following equality
dµ
GnpEq
pπq “ λE{F pψ
1q´n
2 γ˚p0, π,Ad, ψ1q
|Sπ|
dπ
of measures on TemppGnpEqq.
Proof: By Fourier inversion on ZnpF q it is easy to see that
µ
GnpEq
pπq “ µGnpEqpπq, π P TemppGnpEqq
Thus in fact it suffices to show that
dµGnpEqpπq “ λE{F pψ
1q´n
2
ωπp´1q
n´1γ
˚p0, π,Ad, ψ1q
|Sπ|
dπ, π P TemppGnpEqq(2.13.5)
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The Plancherel measure for GnpEq is completely computed by results of Shahidi [Sha1] and
Silberger-Zink [SZ] in the p-adic case and by Harish-Chandra [H-C2] in the Archimedean
case but to state their results it is actually better to consider GnpEq as the group of E-
points of Gn (and not as the group of F -points of RE{FGn,E as in other parts of this paper).
Using the character ψ1E “ ψ
1 ˝ TrE{F we can construct as before a measure on GnpEq, which
coincides with the one we already fixed, and a measure dψ1
E
π on TemppGnpEqq, which does
not coincide with dψ1π. Then, we have
dµGnpEqpπq “ µ
E
GnpEqpπqdψ1Eπ(2.13.6)
where µEGnpEqpπq is the Plancherel density for GnpEq considered as an E-group. For π “
i
GnpEq
M pσq where M is a Levi subgroup of Gn,E and σ P Π2pMpEqq we have
µEGnpEqpπq “ d
Epσqjpσq´1(2.13.7)
where jpσq is the same factor as before and dEpσq stands for the formal degree of σ when
MpEq is considered as an E-group (i.e. by integrating product of matrix coefficients on
MpEq{AM pEq and not, assuming that M is defined over F , over MpEq{AM pF q). Assume
that M is of the form
M » Gn1,E ˆ . . .ˆGnk,E
and that
σ “ τ1 b . . . b τk
where τi P Π2pGnipEqq for all 1 ď i ď k. Then, by a result of Shahidi [Sha1], [Sha2] we have
jpσq´1 “
˜
kź
i“1
ωτip´1q
n´ni
¸
γp0, σ,AdGn{M , ψ
1
Eq(2.13.8)
where AdGn{M denotes the adjoint representation ofM
_ on LiepG_n q{LiepM
_q. On the other
hand, by a result of Silberger-Zink [SZ] in the p-adic case and Harish-Chandra [H-C2, Lemma
23.1] in the Archimedean case as reformulated by Hiraga-Ichino-Ikeda [HII] and reproved and
refined by Ichino-Lapid-Mao [ILM, Theorem 2.1] we have
dEpσq “
˜
kź
i“1
ωτip´1q
ni´1
¸
γp0, σ,AdM{AM , ψ
1
Eq
n1 . . . nk
(2.13.9)
where AdM{AM stands for the adjoint representation of M
_ on M_{A_M . On the other hand,
on the connected component of π we have
dψ1
E
π “ γ˚p0, 1E, ψ
1
Eq
kdEπ(2.13.10)
where dEπ is the analog of the measure dπ by viewing GnpEq as an E-group and
γ˚p0, 1E, ψ
1
Eq “ lim
sÑ0`
ζEpsqγps, 1E, ψ
1
Eq “ p
logpqF q
logpqEq
q lim
sÑ0`
ζF psqγps, 1E, ψ
1
Eq(2.13.11)
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Finally by the description 2.7.3 of the measure dπ and its analog for dEπ we easily check
that
dEπ “ 2´kp
logpqF q
logpqEq
qkdπ(2.13.12)
(the factor 2k stems from the fact that |.|E “ |.|2F on F
ˆ). Combining 2.13.6, 2.13.7, 2.13.8,
2.13.9, 2.13.10, 2.13.11 and 2.13.12 we obtain
dµGnpEqpπq “ ωπp´1q
n´1γp0, σ,AdGn{M , ψ
1
Eq
γp0, σ,AdM{AM , ψ
1
Eq
2kn1 . . . nk
lim
sÑ0`
ζF psq
kγps, 1E, ψ
1
Eq
kdπ
Now, the adjoint representation of M_ on LiepGnq_ is the direct sum of AdGn{M , AdM{AM
and k copies of the trivial representation so that by additivity of γ-factors (2.12.1) and their
inductivity in degree 0 (2.12.2)
γps, σ,AdGn{M , ψ
1
Eqγps, σ,AdM{AM , ψ
1
Eqγps, 1E, ψ
1
Eq
k “ γps, π,Ad, ψ1Eq
“ λE{F pψ
1q´n
2
γps, π,Ad, ψ1q
Together with 2.13.4 this gives precisely 2.13.5 and ends the proof of the proposition. 
2.14 Plancherel formula for Whittaker functions
In this section we make a little bit more precise the Plancherel formula for Whittaker func-
tions proved by Sakellaridis and Venkatesh in [SV, §6.3] (in particular, our discussion includes
real groups).
Assume that G is quasi-split, let B “ TN be a Borel subgroup with unipotent radical N
and ξ : NpF q Ñ S1 a generic character. For any f P SpGpF qq we define a function Wf on
GpF q ˆGpF q by
Wfpg1, g2q “
ż
NpF q
fpg´11 ug2qξpuq
´1du, g1, g2 P GpF q
Clearly, we have Wfpu1g1, u2g2q “ ξpu1q´1ξpu2qWfpg1, g2q for every pg1, g2q P GpF q2 and
every pu1, u2q P NpF q2. Moreover, Wfpg, .q P SpNpF qzGpF q, ξq for all g P GpF q.
Recall from [Beu1, §7.1], that the functional f P SpGpF qq ÞÑ
ż
NpF q
fpuqξpuq´1du extends
(necessarily uniquely) by continuity to a functional CwpGpF qq Ñ C to be denoted by
f ÞÑ
ż ˚
NpF q
fpuqξpuq´1du
(actually in [Beu1] only the case of unitary groups is considered but the proof is easily seen
to work in general). This allows to extend the definition of Wf to every f P C
wpGpF qq by
Wfpg1, g2q “
ż ˚
NpF q
fpg´11 ug2qξpuq
´1du, g1, g2 P GpF q
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Note that ξ´1 b ξ is a non-degenerate character on the F -points of the maximal unipotent
subgroup N ˆ N of G ˆ G. Thus, following the general construction of Section 2.4, there
is a corresponding space of tempered functions CwpNpF q ˆ NpF qzGpF q ˆ GpF q, ξ´1 b ξq.
Recall that both CwpGpF qq and CwpNpF qˆNpF qzGpF qˆGpF q, ξ´1 b ξq are equipped with
structure of tame LF spaces in the sense of Section 2.3.
Lemma 2.14.1 For all f P CwpGpF qq we haveWf P C
wpNpF qˆNpF qzGpF qˆGpF q, ξ´1bξq
and moreover the linear map
f P CwpGpF qq ÞÑ Wf P C
wpNpF q ˆNpF qzGpF q ˆGpF q, ξ´1 b ξq
is continuous and tame.
Proof: By the closed graph theorem it suffices to show the existence of b ě 1 such that
f P Cwd pGpF qq implies Wf P C
w
d`bpNpF q ˆ NpF qzGpF q ˆ GpF q, ξ
´1 b ξq. By Dixmier-
Malliavin [DM], any f P Cwd pGpF qq is a finite sum of functions of the form ϕ1 ‹ f
1 ‹ϕ2 where
f 1 P Cwd pGpF qq and ϕ1, ϕ2 P C
8
c pGpF qq. Thus, we may as well assume that f is of this form.
From the continuity of the linear form f ÞÑ
ż ˚
NpF q
fpuqξpuq´1du it follows that
Wϕ1‹f 1‹ϕ2 “ Wf 1 ‹ pϕ
_
1 b ϕ2q
where ϕ_1 bϕ2 P C
8
c pGpF q ˆGpF qq is defined by ϕ
_
1 bϕ2pg1, g2q “ ϕ1pg
´1
1 qϕpg2q. Therefore
the function Wf is smooth and moreover in the Archimedean case Rpu1 b u2qWf “ Wf 1 ‹
pRpu1qϕ
_
1 b Rpu2qϕ2q for all u1, u2 P Upgq. It thus suffices to check the existence of b ě 1
such that for every d ě 1 and f P Cwd pGpF qq we have
|Wfpg1, g2q| ! Ξ
NzGpg1qΞ
NzGpg2qσNzGpg1q
d`bσNzGpg2q
d`b, g1, g2 P GpF q.
Such an inequality is proved in [Beu1, Lemma 7.3.1(ii)] in the case where G is a unitary
group and with d` b replaced by an unspecified d1 ą 0. Looking closer into the proof of loc.
cit. we see that it works verbatim for any reductive group and moreover that we can take
d1 to be d ` b where b is such that ΞGptq ! δBptq1{2σptqb for all t P T pF q (see in particular
Claim (7.3.8) of loc. cit.) thus proving the lemma. 
Let f P SpGpF qq. For every π P TempindpGq, we set Wf,π :“ Wfπ where fπ P C
wpGpF qq
is defined as in Section 2.13.
Let π P TempindpGq. Then the linear form
T P End8pπq » π
_ b π ÞÑ
ż ˚
NpF q
TracepπpuqT qξpuq´1du
is well-defined and continuous by 2.6.1 and is obviously a pN ˆN, ξ´1 b ξq-Whittaker func-
tional. Therefore, if π is not pNˆN, ξ´1bξq-generic we haveWf,π “ 0 for every f P SpGpF qq
whereas if π is pN ˆN, ξ´1 b ξq-generic we have
Wf,π PWpπ
_ b π, ξ´1 b ξq, @f P SpGpF qq(2.14.1)
The following proposition is a direct consequence of the previous lemma, of Proposition
2.13.1 and of the Plancherel formula 2.13.3.
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Proposition 2.14.2 The map π P TempindpGq ÞÑ Wf,π belongs to
S
`
TemppGpF qq, CwpNpF q ˆNpF qzGpF q ˆGpF q, ξ´1 b ξq
˘
and the linear map
SpGpF qq Ñ S
`
TemppGpF qq, CwpNpF q ˆNpF qzGpF q ˆGpF q, ξ´1 b ξq
˘
f ÞÑ pπ ÞÑ Wf,πq
is continuous. Moreover, for every f P SpGpF qq we have the following equality
Wf “
ż
TempindpGq
Wf,πdµGpπq
in CwpNpF q ˆNpF qzGpF q ˆGpF q, ξ´1 b ξq.
Assume now that G “ RE{FGn and recall that in Section 2.8 we have defined a scalar
product p., .qWhitt on CwpNnpEqzGnpEq, ψnq. The next proposition is [LM2, Lemma 4.4].
Notice that the extra factor |τ |´npn´1q{2E is a consequence of our choice of measures which
are normalized using the character ψ1E “ ψ
1 ˝ TrE{F rather than ψ. Also, that the left-hand
side of the proposition coincides with what is denoted rW,W 1sψn in loc. cit. follows from
Proposition 2.3 and Proposition 2.11 of loc. cit. in the p-adic case (this last proposition
actually shows that
ż
NnpEq
.ψnpuq
´1du extends continuously to the bigger space C8pGnpEqq
of all smooth functions on GnpEq) and from the alternative definition of p., .qψn given in the
middle of p.465 of loc. cit. in the Archimedean case.
Proposition 2.14.3 For every W,W 1 P CwpNnpEqzGnpEq, ψnq we haveż ˚
NnpEq
pRpuqW,W 1qWhittψnpuq
´1du “ |τ |
´npn´1q{2
E W p1qW
1p1q.
Let f P SpGnpEqq and π P TemppGnpEqq. By the above construction, we associate to f
and π a function Wf,π P C
wpNnpEqzGnpEqˆNnpEqzGnpEq, ψ
´1
n bψnq. The GnpEq-invariant
scalar product p., .qWhitt on Wpπ, ψnq induces an isomorphism
End8pπq » π
_pbπ »Wpπ, ψnqpbWpπ, ψnq
whereWpπ, ψnq denotes the complex conjugate ofWpπ, ψnq. Let Bpπ, ψnq be an orthonormal
basis of (the Hilbert completion of) Wpπ, ψnq for p., .qWhitt obtained by taking the union of
orthonormal basis forWpπ, ψnqrδs for every δ PzKn,E. Then, through the above identification,
we have
πpfq “
ÿ
WPBpπ,ψnq
W bRpfqW(2.14.2)
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where the sum converges absolutely in End8pπq (notice that this sum is actually finite in
the p-adic case). From this, Proposition 2.14.3 and 2.6.1, we deduce (recall that fπpgq “
Tracepπpgqπpf_qq)
Wf,π “ |τ |
´npn´1q{2
E
ÿ
WPBpπ,ψnq
W bRpf_qW(2.14.3)
where the sum converges absolutely in CwpNnpEqzGnpEq ˆNnpEqzGnpEq, ψ´1n b ψnq.
2.15 The linear form β
Let n ě 1. For every W P CwpNnpEqzGnpEq, ψnq, we set
βpW q “
ż
NnpF qzPnpF q
W ppqdp and βnpW q “
ż
NnpF qzPnpF q
W ppqηE{F pdet hq
n´1dp.
Lemma 2.15.1 The integral defining βpW q, βnpW q are absolutely convergent and β, βn are
continuous linear forms on CwpNnpEqzGnpEq, ψnq.
Proof: By Lemma 2.4.3 and the Iwasawa decomposition PnpF q “ NnpF qAn´1pF qKn´1, it
suffices to show for all d ą 0 the convergence for N ě 1 sufficiently large ofż
An´1pF q
n´2ź
i“1
p1` |
ai
ai`1
|q´Np1` |an´1|q
´Nδn,Epaq
1{2σpaqdδn´1paq
´1da
As δn,Epaq1{2δn´1paq´1 “ δnpaqδn´1paq´1 “ |det a| this follows from Lemma 2.4.4. 
Let σ P TemppUpnqq and set π “ BCnpσq. Then, by slightly reformulating the main
results of [Har] and [Mat] we have that π is GnpF q-distinguished (i.e. it admits a nonzero
continuous GnpF q-invariant linear form). Hence, by [LM3, (2) p.263] there exists a sign
c1pσq P t˘1u such that, setting ĂW pgq “ W pwntg´1q for every g P GnpEq, we have
βpĂW q “ c1pσqβpW q(2.15.1)
for all W PWpπ, ψnq.
2.16 Rankin-Selberg local functional equation for Asai γ-factors
For every W P CwpNnpEqzGnpEq, ψnq, φ P SpF nq and s P H set
Zps,W, φq :“
ż
NnpF qzGnpF q
W phqφpenhq|det h|
sdh
where en “ p0, . . . , 0, 1q P F n. For all φ P SpF nq we shall also denote by
pφpyq “ ż
Fn
φpxqψ1pytxqdx, y P F n
the Fourier transform of φ (recall that dx denotes the autodual measure with respect to ψ1).
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Lemma 2.16.1 (i) For s P H, the integral defining Zps,W, φq is absolutely convergent and
defines a continuous linear form on CwpNnpEqzGnpEq, ψnq. Moreover, for all φ P SpF.q
the map s P H ÞÑ Zps, ., φq P CwpNnpEqzGnpEq, ψnq
1 is analytic.
(ii) For all W P SpZnpF qNnpEqzGnpEq, ψnq and φ P SpF
nq we have
lim
sÑ0`
nγps, 1F , ψ
1qZps,W, φq “ φp0q
ż
ZnpF qNnpF qzGnpF q
W phqdh.
Proof:
(i) Let φ P SpF nq. By Lemma 2.4.3 and the Iwasawa decomposition GnpF q “ NnpF qAnpF qKn,
it suffices to show that for all d ą 0 there exists N ě 1 such that the following integral
converges uniformly on compact subsets of Hż
AnpF q
n´1ź
i“1
p1` |
ai
ai`1
|q´Nδn,Epaq
1{2σpaqd|φpenaq|δnpaq
´1|det a|ℜpsqda.
Since δn,Epaq1{2 “ δnpaq and |φpenaq| ! p1` |an|q´N for all a P AnpF q, this follows from
Lemma 2.4.4.
(ii) Let W P SpZnpF qNnpEqzGnpEq, ψnq and φ P SpF nq. Then, again by the Iwasawa
decomposition, for all s P H we have
γpns, 1F , ψ
1qZps,W, φq “ż
An´1pF q
ż
Kn
W pakqγpns, 1F , ψ
1q
ż
ZnpF q
φpenzkq|det z|
sdzdk|det a|sδnpaq
´1da
Set φkpxq “ φpxenkq for all x P F and k P K. Then φk P SpF q and by Tate’s thesis for
every k P Kn we have
γpns, 1F , ψ
1q
ż
ZnpF q
φpenzkq|det z|
sdz “
ż
F
xφkpxq|x|´nsdx
for all s P H sufficiently close to 0. Since tφk | k P Knu is a bounded subset of SpF nq
so does txφk | k P Knu and therefore pk, sq ÞÑ ż
F
xφkpxq|x|´nsdx is uniformly bounded for
s in a neighborhood of 0. By dominant convergence we deduce that
lim
sÑ0`
γpns, 1F , ψ
1qZps,W, φq “
ż
An´1pF q
ż
Kn
W pakq
ż
F
xφkpxqdxdk|det a|sδnpaq´1da
“ φp0q
ż
An´1pF qˆKn
W pakqδnpaq
´1dadk “ φp0q
ż
ZnpF qNnpF qzGnpF q
W phqdh
As γpns, 1F , ψ1q „sÑ0 nγps, 1F , ψ1q this ends the proof of the lemma. 
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Let π P TemppGnpEqq. Then we have Wpπ, ψnq Ă C
wpNnpEqzGnpEq, ψnq and therefore
for W P Wpπ, ψnq and φ P SpF nq the expression Zps,W, φq is well-defined for all s P H.
Recall that for W P Wpπ, ψnq, ĂW denotes the function defined by ĂW pgq “ W pwntg´1q for
all g P GnpEq. Note that ĂW P Wpπ_, ψ´1n q and that up to replacing ψ by ψ´1 the previous
lemma ensures that Zps,ĂW,φq is well-defined for all s P H and φ P SpF nq. Finally, recall
that φ P SpF nq ÞÑ pφ P SpF nq denotes the Fourier transform with respect to ψ1 and the
corresponding autodual measure. The following result is [Beu3, Theorem 3.4.1].
Theorem 2.16.2 For every W P Wpπ, ψnq and φ P SpF
nq and s P H with ℜpsq ă 1, we
have
Zp1´ s,ĂW, pφq “ ωπpτqn´1|τ |npn´1q2 ps´1{2qE λE{F pψ1q´npn´1q2 γps, π,As, ψ1qZps,W, φq
Recall that we have associated in the last section to any σ P TemppUpnqq a sign c1pσq
satisfying 2.15.1. We will need the following.
Lemma 2.16.3 Let σ P TemppUpnqq and set π “ BCnpσq. Then, we have
Zp1,ĂW, pφq “ φp0qc1pσqβpW q
for all W PWpπ, ψnq and φ P SpF
nq.
Proof: Let W PWpπ, ψnq and φ P SpF nq. We have
Zp1,ĂW, pφq “ ż
PnpF qzGnpF q
ż
PnpF q
ĂW pphqdppφpenhq|det h|dh “ ż
PnpF qzGnpF q
βpRphqĂW qpφpenhq|det h|dh.
By 2.15.1, the linear form W P Wpπ, ψnq ÞÑ βpĂW q is invariant by PnpF q and its transpose
hence by GnpF q. Therefore,
Zp1,ĂW, pφq “ βpĂW q ż
PnpF qzGnpF q
pφpenhq|det h|dh “ βpĂW q ż
Fn
pφpxqdx “ φp0qβpĂW q
and a new appeal to 2.15.1 ends the proof of the lemma. 
3 Computation of certain spectral distributions
3.1 Principal values and poles of certain distributions
Set
PV p
ż
iR
ϕpxq
x
dxq :“ lim
ǫÑ0`
ż
|x|ąǫ
ϕpxq
x
dx
for every ϕ P SpiRq (the limits is well-known, and actually easily seen, to exist). We record
the following standard formula (see [GS, Eq. 4.4(6)])
lim
sÑ0`
ż
iR
ϕpxq
x` s
dx “ PV p
ż
iR
ϕpxq
x
dxq ` πϕp0q, ϕ P SpiRq.(3.1.1)
The next two results will be needed in the proof of Proposition 3.3.1.
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Lemma 3.1.1 Let W Ă V be real vector spaces and λ1, . . . , λk be (real) linear forms on V
whose restrictions to W are linearly independent. Fix Haar measures on iW and iV . Let
ϕ P SpiV q and set
ϕspvq “
ż
iW
ϕpv ` wq
kś
i“1
pλipv ` wq ` sq
dw
for all v P iV {iW and s P H. Then, ϕs P SpiV {iW q for all s P H and the map s ÞÑ ϕs
extends (uniquely) to a continuous map s P HYt0u ÞÑ ϕs P SpiV {iW q. Moreover, if the
function v ÞÑ ϕpvqśk
i“1 λipvq
belongs to SpiV q we have
ϕ0p0q “
ż
iW
ϕpwq
kś
i“1
pλipwqq
dw.
Proof: Clearly, ϕs P SpiV {iW q and the linear map ϕ P SpiV q ÞÑ ϕs P SpiV {iW q is contin-
uous for every s P H. Let X be a complement subspace of W in V on which λ1, . . . , λk are
trivial. As SpiV q “ SpiXqpbSpiW q (see 2.4.1), by 2.3.2 for the first part of the lemma it
suffices to show that for every ϕ P SpiW q the limit
lim
sÑ0`
ż
iW
ϕpwq
kś
i“1
pλipwq ` sq
dw
exists. For this, without loss of generality, we may assume thatW “ Rn and λipx1, . . . , xnq “
xi for every 1 ď i ď k. Then, as SpiRnq » zÂ
1ďjďn
SpiRq, by 2.3.2 again we may further assume
that ϕpx1, . . . , xnq “ ϕ1px1q . . . ϕnpxnq for some ϕ1, . . . , ϕn P SpiRq. We are then reduced to
the case n “ k “ 1 where the limit exists by 3.1.1. The second part of the lemma is an easy
consequence of dominated convergence. 
Proposition 3.1.2 Let n ě 1 and h1, . . . , hn ą 0. Let piR
nq0 be the subspace of vectors
px1, . . . , xnq P iR
n with x1` . . .`xn “ 0 and equip it with the unique Haar measure such that
if iRn is endowed with the Lebesgue measure then the quotient measure on iRn{piRnq0 » iR
(where the isomorphism is given by px1, . . . , xnq ÞÑ x1` . . .`xn) is the Lebesgue measure on
iR. Then, we have
lim
sÑ0`
sPH
s
ż
piRnq0
ϕpxq
nś
i“1
pxi
hi
` sq
d x “
nś
i“1
hi
nř
i“1
hi
p2πqn´1ϕp0q
for every ϕ P SpiRnq.
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Proof: First, since ż
piRnq0
ϕpxq
nś
i“1
pxi
hi
` sq
d x “
nź
i“1
hi
ż
piRnq0
ϕpxq
nś
i“1
pxi ` hisq
d x
for every s P H, it suffices to prove
lim
sÑ0`
sPH
s
ż
piRnq0
ϕpxq
nś
i“1
pxi ` hisq
d x “
p2πqn´1
nř
i“1
hi
ϕp0q(3.1.2)
for every ϕ P SpiRnq. We do this by induction on n. The case n “ 1 is trivial but we treat
also the case n “ 2 which will be needed for the general case. When n “ 2, we want
lim
sÑ0`
s
ż
iR
ϕpx,´xq
px` h1sqp´x` h2sq
dx “
2π
h1 ` h2
ϕp0, 0q, ϕ P SpiR2q.(3.1.3)
Fix ϕ P SpiR2q. Then,
ph1 ` h2qs
ż
iR
ϕpx,´xq
px` h1sqp´x` h2sq
dx “
ż
iR
ϕpx,´xq
x` h1s
dx`
ż
iR
ϕpx,´xq
´x` h2s
dx
for every s P H and by 3.1.1,
lim
sÑ0`
ż
iR
ϕpx,´xq
x` h1s
dx “ PV
ˆż
iR
ϕpx,´xq
x
dx
˙
` πϕp0, 0q,
lim
sÑ0`
ż
iR
ϕpx,´xq
´x` h2s
dx “ PV
ˆż
iR
´
ϕpx,´xq
x
dx
˙
` πϕp0, 0q
“ ´PV
ˆż
iR
ϕpx,´xq
x
dx
˙
` πϕp0, 0q.
The equality 3.1.3 follows.
We now treat the general case, assuming the result is known for n ´ 1. Since SpiRnq “
SpiRn´1qpbSpiRq, by 2.3.2 we may assume that there exist ϕ1 P SpiRn´1q and ϕ2 P SpiRq
such that
ϕpx1, . . . , xnq “ ϕ
1px1, . . . , xn´1qϕ
2pxnq, px1, . . . , xnq P iR
n
For all a P iR, set
piRn´1qa :“ tpx1, . . . , xn´1q P iR
n´1 | x1 ` . . .` xn´1 “ au.
We equip this affine subspace with the invariant measure transfered from the one on piRn´1q0.
Then, we haveż
piRnq0
ϕpxq
nś
i“1
pxi ` hisq
d x “
ż
iR
ż
piRn´1qa
ϕ1pxq
n´1ś
i“1
pxi ` hisq
d x
ϕ2p´aq
´a` hns
da(3.1.4)
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for every s P H. Set
ϕ1spaq :“ pa` p
n´1ÿ
i“1
hiqsq
ż
piRn´1qa
ϕ1pxq
n´1ś
i“1
pxi ` hisq
d x
for every a P iR and s P H. Noticing that
ϕ1spaq “
n´1ÿ
i“1
ż
piRn´1qa
ϕ1pxqś
1ďjďn´1
j‰i
pxi ` hisq
d x
and since for all 1 ď i ď n´1 the linear forms x ÞÑ xj for 1 ď j ď n´1 and j ‰ i have linearly
independent restrictions to iRn´1, by Lemma 3.1.1 we see that the family s ÞÑ ϕ1s extends
to a continuous map s P HYt0u ÞÑ ϕ1s P SpiRq. Moreover, by the induction hypothesis we
have ϕ10p0q “ p2πq
n´2ϕ1p0q. By 3.1.4, we haveż
piRnq0
ϕpxq
nś
i“1
pxi ` hisq
d x “
ż
iR
ϕ1spaqϕ
2p´aq
pa` p
řn´1
i“1 hiqsqp´a` hnsq
da.
Finally, by the n “ 2 case that we already treated and the uniform boundedness principle,
we get
lim
sÑ0`
s
ż
iR
ϕ1spaqϕ
2p´aq
pa` p
řn´1
i“1 hiqsqp´a` hnsq
da “
2πřn
i“1 hi
ϕ10p0qϕ
2p0q “
p2πqn´1řn
i“1 hi
ϕ1p0qϕ2p0q
As ϕ1p0qϕ2p0q “ ϕp0q, this finishes the proof of 3.1.2 and thus of the proposition by induction.

3.2 Some polynomial identities
Proposition 3.2.1 (i) Let m ě n be two nonnegative integers and define Pm,n, Sm,n P
QpX1, . . . , Xm, X
˚
1 , . . . , X
˚
nq by
Pm,n :“
ś
1ďj‰kďm
pXj ´Xkq
ś
1ďj‰kďn
pX˚j ´X
˚
k qś
1ďjďm
1ďkďn
pXj `X˚k q
and
Sm,n :“
ś
1ďjăkďn
pX˚j ´X
˚
k q
ś
1ďjăkďm
pXj ´Xkq
ś
n`1ďkăjďm
pXj ´Xkqś
1ďkďn
pXk `X˚k q
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Let pw, P q ÞÑ w¨P denote the natural action ofW “ SmˆSn on QpX1, . . . , Xm, X
˚
1 , . . . , X
˚
nq
where Sm acts by permutation of the variables X1, . . . , Xm whereas Sn acts by permuta-
tion of the variables X˚1 , . . . , X
˚
n. Let W
1 :“ Sm´nˆS
diag
n be the subgroup of elements
pσ1, σ2q PW such that σ
´1
2 σ1 fixes t1, . . . , nu point-wise. Then, we have the identity
Pm,n “
1
|W 1|
ÿ
wPW
w ¨ Sm,n.(3.2.1)
Moreover, set
P ˚m,n :“
˜ ź
1ďkďn
pXk `X
˚
k q
¸
Pm,n, S
˚
m,n :“
˜ ź
1ďkďn
pXk `X
˚
k q
¸
Sm,n
and
Pm,n,spxq :“ Pm,npx1 `
s
2
, . . . , xm `
s
2
, x˚1 `
s
2
, . . . , x˚n `
s
2
q
Sm,n,spxq :“ Sm,npx1 `
s
2
, . . . , xm `
s
2
, x˚1 `
s
2
, . . . , x˚n `
s
2
q
for every s P H and x “ px1, . . . , xm, x
˚
1 , . . . , x
˚
nq P iR
m ˆ iRn. Finally, let V be the
subspace tx P iRm ˆ iRn | xk “ ´x
˚
k, @ 1 ď k ď nu of iR
m ˆ iRn. Then, the function
x P V ÞÑ P ˚m,npxq (which is a priori only well-defined on a Zariski open subset) extends
to a polynomial function on V and we have
lim
sÑ0`
snPm,n,spxq “ lim
sÑ0`
snSm,n,spxq “ P
˚
m,npxq “ S
˚
m,npxq(3.2.2)
for almost all x P V .
(ii) Let p be a positive integer and define Qp, Tp P QpY1, . . . , Ypq by
Qp :“
ś
1ďj‰kďp
pYj ´ Ykqś
1ďjăkďp
pYj ` Ykq
and
Tp :“ p´1q
ǫ
ś
1ďjăkďp
pYj ´ Ykq
ś
1ďkďt p2 u
pYp`1´k ´ Ykqś
1ďkďt p2 u
pYk ` Yp`1´kq
where ǫ :“ 1
2
pppp´1q
2
´
X
p
2
\
q. Let pw, P q ÞÑ w ¨ P denote the natural action of W :“ Sp
on QpY1, . . . , Ypq and W
1 :“ St p2 u
˙pZ {2Zqt
p
2 u be the subgroup of W preserving the
partition
 
tℓ, p` 1´ ℓu | 1 ď ℓ ď
P
p
2
T(
of t1, . . . , pu. Then, we have the identity
Qp “
1
|W 1|
ÿ
wPW
w ¨ Tp.(3.2.3)
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Moreover, set
Q˚p :“
¨˚
˝ ź
1ďkďt p2 u
pYk ` Yp`1´kq
‹˛‚Qp, T ˚p :“
¨˚
˝ ź
1ďkďt p2 u
pYk ` Yp`1´kq
‹˛‚Tp
and
Qp,spyq :“ Qppy1 `
s
2
, . . . , yp `
s
2
q, Tp,spyq :“ Tppy1 `
s
2
, . . . , yp `
s
2
q
for every s P H and y “ py1, . . . , ypq P iR
p. Finally, let V be the subspace ty P iRp |
yk “ ´yp`1´k, @ 1 ď k ď
X
p
2
\
u of iRp. Then, the function y P V ÞÑ Q˚ppyq (which is a
priori only well-defined on a Zariski open subset) extends to a polynomial function on
V and we have
lim
sÑ0`
st
p
2 uQp,spyq “ lim
sÑ0`
st
p
2 uTp,spyq “ Q
˚
ppyq “ T
˚
p pyq(3.2.4)
for almost all y P V .
(iii) Let q be a positive integer and define Rq, Uq P QpZ1, . . . , Zqq by
Rq :“
ś
1ďj‰kďq
pZj ´ Zkqś
1ďjďkďq
pZj ` Zkq
and
Uq :“ p´1q
ǫ
ś
1ďjăkďq
pZj ´ Zkqś
1ďkďt q2u
pZk ` Zq`1´kq
ś
1ďkďr q2s
2Zk
where ǫ :“ 1
2
p qpq´1q
2
´
X
q
2
\
q. Let pw, P q ÞÑ w ¨ P denote the natural action of W :“ Sq
on QpZ1, . . . , Zqq and W
1 :“ St q2u
˙pZ {2Zqt
q
2u be the subgroup of W preserving the
partition
 
tℓ, q ` 1´ ℓu | 1 ď ℓ ď
P
q
2
T(
of t1, . . . , qu. Then, we have the identity
Rq “
1
|W 1|
ÿ
wPW
w ¨ Uq.(3.2.5)
Moreover, set
R˚q :“
¨˚
˝ ź
1ďkďr q2 s
pZk ` Zq`1´kq
‹˛‚Rq, U˚q :“
¨˚
˝ ź
1ďkďr q2s
pZk ` Zq`1´kq
‹˛‚Uq
and
Rq,spzq :“ Rqpz1 `
s
2
, . . . , zq `
s
2
q, Uq,spzq :“ Uqpz1 `
s
2
, . . . , zq `
s
2
q
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for every s P H and z “ pz1, . . . , zqq P iR
q. Finally, let V be the subspace tz P iRq | zk “
´zq`1´k, @ 1 ď k ď
P
q
2
T
u of iRq. Then, the function z P V ÞÑ R˚q pzq and z P V ÞÑ U
˚
q pzq
(which are a priori only well-defined on a Zariski open subset) extends to polynomial
functions on V and we have
lim
sÑ0`
sr
q
2sRq,spzq “ lim
sÑ0`
sr
q
2 sUq,spzq “ R
˚
q pzq “ U
˚
q pzq(3.2.6)
for almost all z P V .
Proof:
(i) Set
∆ :“
ź
1ďjăkďm
pXj ´Xkq, ∆
˚ :“
ź
1ďjăkďn
pX˚j ´X
˚
k q
and sgn : W Ñ t˘1u be the product of the sign characters on Sm and Sn. Then,
w ¨ p∆∆˚q “ sgnpwq∆∆˚
for every w PW . Hence,
ÿ
wPW
w ¨ Sm,n “ ∆∆
˚
ÿ
wPW
sgnpwqw ¨
¨˚
˝
ś
n`1ďkăjďm
pXj ´Xkqś
1ďkďn
pXk `X˚k q
‹˛‚
can be written as ∆∆˚
Qś
1ďjďm
1ďkďn
pXj `X˚k q
where Q P QrX1, . . . , Xm, X˚1 , . . . , X
˚
ns is ho-
mogeneous of total degree
pm´ nqpm´ n´ 1q
2
´ n`mn “
mpm´ 1q
2
`
npn ´ 1q
2
“ degp∆q ` degp∆˚q
and satisfies w ¨ Q “ sgnpwqQ for every w P W . It follows that Q is a scalar multiple
of ∆∆˚ and therefore there exists c P Q such that
cPm,n “
1
|W 1|
ÿ
wPW
w ¨ Sm,n
Now, noticing that W 1 is the stabilizer of Sm,n in W and that for every w PW zW 1 the
restriction of ˜ ź
1ďkďn
pXk `X
˚
k q
¸
w ¨ Sm,n
to V vanishes almost everywhere, we also have
cP ˚m,npxq “ S
˚
m,npxq
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for almost all x P V . On the other hand, it is clear that
lim
sÑ0`
snPm,n,spxq “ P
˚
m,npxq and lim
sÑ0`
snSm,n,spxq “ S
˚
m,npxq
for almost all x P V . Hence, to get 3.2.1 and 3.2.2 it only remains to prove that
P ˚m,npxq “ S
˚
m,npxq almost everywhere on V . For a generic point x “ px1, . . . , xm, x
˚
1 , . . . , x
˚
nq P
V , we have
P ˚m,npxq “ S
˚
m,npxq
ś
1ďjăkďn
px˚k ´ x
˚
j q
ś
1ďkăjďn
pxj ´ xkq
ś
1ďkďn
n`1ďjďm
pxj ´ xkq
ś
1ďjďm
1ďkďn
j‰k
pxj ` x˚kq
“ S˚m,npxq
ś
1ďjăkďn
px˚k ` xjq
ś
1ďkăjďn
pxj ` x
˚
kq
ś
1ďkďn
n`1ďjďm
pxj ` x
˚
kqś
1ďjďm
1ďkďn
j‰k
pxj ` x˚kq
“ S˚m,npxq
and the claim follows.
(ii) This time we set ∆ :“
ź
1ďjăkďp
pYj ´ Ykq and let sgn :W Ñ t˘1u be the sign character.
Then, w ¨∆ “ sgnpwq∆ for every w PW . Therefore,
ÿ
wPW
w ¨ Tp “ p´1q
ǫ∆
ÿ
wPW
sgnpwqw ¨
¨˚
˚˝
ś
1ďkďt p2 u
pYp`1´k ´ Ykqś
1ďkďt p2 u
pYk ` Yp`1´kq
‹˛‹‚
can be written as ∆
Pś
1ďjăkďp
pYj ` Ykq
where P P QrY1, . . . , Yps is homogeneous of degree
X
p
2
\
´
X
p
2
\
` ppp´1q
2
“ degp∆q and satisfies w ¨ P “ sgnpwqP for every w PW . It follows
that P is a scalar multiple of ∆ and thus there exists c P Q such that
cQp “
1
|W 1|
ÿ
wPW
w ¨ Tp
Noticing that W 1 is the stabilizer of Tp in W and that for all w P W zW 1 the restriction
of ¨˚
˝ ź
1ďkďt p2 u
pYk ` Yp`1´kq
‹˛‚w ¨ Tp
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to V vanishes almost everywhere, we also have
cQ˚ppyq “ T
˚
p pyq
for almost all y P V . On the other hand, it is clear that
lim
sÑ0`
st
p
2 uQp,spyq “ Q
˚
ppyq and lim
sÑ0`
st
p
2 uTp,spyq “ T
˚
p pyq
for almost all y P V . Hence, to get 3.2.3 and 3.2.4 it only remains to prove that
Q˚ppyq “ T
˚
p pyq almost everywhere on V . For a generic point y “ py1, . . . , ypq P V , we
have
Q˚ppyq “ p´1q
ǫT ˚p pyq
ś
1ďkăjďp
j‰p`1´k
pyj ´ ykq
ś
1ďjăkďp
k‰p`1´j
pyj ` ykq
“ p´1qǫT ˚p pyq
ś
1ďkăjďp
jăp`1´k
pyj ´ ykq ˆ
ś
1ďkăjďp
kąp`1´j
pyj ´ ykq
ś
1ďjăkďp
k‰p`1´j
pyj ` ykq
“ p´1qǫT ˚p pyq
ś
1ďjăkďp
jąp`1´k
pyj ` ykq ˆ
ś
1ďjăkďp
kăp`1´j
p´yj ´ ykq
ś
1ďjăkďp
k‰p`1´j
pyj ` ykq
“ p´1qǫT ˚p pyq ˆ p´1q
ǫ “ T ˚p pyq
and the claim follows.
(iii) Notice that
RqpZ1, . . . , Zqq “
QqpZ1, . . . , Zqqś
1ďjďq
2Zj
(3.2.7)
Therefore, as
ś
1ďjďq
2Zj is W -invariant, by (ii) we have
RqpZ1, . . . , Zqq “
1
|W 1|
ÿ
wPW
w ¨
¨˚
˝TqpZ1, . . . , Zqqś
1ďjďq
2Zj
‹˛‚(3.2.8)
Moreover,
TqpZ1, . . . , Zqqś
1ďjďq
2Zj
“ p´1qǫ
¨˚
˝ ź
1ďjďt q2 u
Zq`1´j ´ Zj
4ZjZq`1´j
‹˛‚ˆ ∆ś
1ďjďr q2 s
pZj ` Zq`1´jq
(3.2.9)
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where we have set ∆ :“
ź
1ďjăkďq
pZj ´ Zkq and
ź
1ďjďt q2u
Zq`1´j ´ Zj
4ZjZq`1´j
“ 2´t
q
2u
ź
1ďjďt q2u
p
1
2Zj
´ sj ¨
1
2Zj
q(3.2.10)
“ 2´t
q
2u
ÿ
sPpZ {2Zqt
q
2 u
sgnpsqs ¨
¨˚
˚˝ 1ś
1ďjďt q2u
2Zj
‹˛‹‚
where sj denotes the transposition pj, q`1´ jq, we have identified pZ {2Zqt
q
2 u with the
subgroup of W generated by the sj for 1 ď j ď
X
q
2
\
and sgn : W Ñ t˘1u denotes the
sign character. Since
s ¨
¨˚
˚˝ ∆ś
1ďjďr q2 s
pZj ` Zq`1´jq
‹˛‹‚“ sgnpsq ∆ś
1ďjďr q2s
pZj ` Zq`1´jq
for every s P pZ {2Zqt
q
2u, we obtain from 3.2.9 and 3.2.10 that
TqpZ1, . . . , Zqqś
1ďjďq
2Zj
“ 2´t
q
2 u
ÿ
sPpZ {2Zqt
q
2 u
p´1qǫs ¨
¨˚
˚˝ ∆ś
1ďjďr q2s
pZj ` Zq`1´jq
ś
1ďjďt q2u
2Zj
‹˛‹‚
“ 2´t
q
2 u
ÿ
sPpZ {2Zqt
q
2 u
s ¨ Uq
Hence, by 3.2.8,
RqpZ1, . . . , Zqq “
2´t
q
2u
|W 1|
ÿ
wPW
ÿ
sPpZ {2Zqt
q
2 u
ws ¨ Uq “
1
|W 1|
ÿ
wPW
w ¨ Uq
and this proves 3.2.5.
Once again, it is obvious that
lim
sÑ0`
sr
q
2sRq,spzq “ R
˚
q pzq and lim
sÑ0`
sr
q
2sUq,spzq “ U
˚
q pzq
for almost all z P V . By 3.2.7, we get
R˚q pZ1, . . . , Zqq “
Q˚q pZ1, . . . , Zqqś
1ďjďt q2 u
4ZjZq`1´j
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Similarly, we have
T ˚q pZ1, . . . , Zqq “
¨˚
˝ ź
1ďjďt q2u
2ZjpZq`1´j ´ Zjq
‹˛‚U˚q pZ1, . . . , Zqq
Therefore, by (ii) we obtain
R˚q pzq “
Q˚q pzqś
1ďjďt q2 u
4zjzq`1´j
“
T ˚q pzqś
1ďjďt q2u
4zjzq`1´j
“
¨˚
˝ ź
1ďjďt q2 u
2zjpzq`1´j ´ zjq
4zjzq`1´j
‹˛‚U˚q pzq
“
¨˚
˝ ź
1ďjďt q2 u
2zj ˆ 2zq`1´j
4zjzq`1´j
‹˛‚U˚q pzq “ U˚q pzq
for almost all z P V and 3.2.6 follows. We show similarly that
U˚q pzq “ p´1q
ǫ
ź
1ďjăkďq
k‰q`1´j
pzj ´ zkq
for almost all z P V and consequently U˚q pzq extends to a polynomial function on V . 
3.3 Explicit computation of certain residual distributions
In this section, we fix the following data:
• r, s, t P N three nonnegative integers;
• pmi, niq P N
˚ˆN such that mi ě ni and di P N
˚ for all 1 ď i ď r;
• pj P N
˚ and ej P N
˚ for all 1 ď j ď s;
• qk P N
˚ and fk P N
˚ for all 1 ď k ď t;
and we set
A :“
ź
1ďiďr
piRqmi ˆ piRqni ˆ
ź
1ďjďs
piRqpj ˆ
ź
1ďkďt
piRqqk .
For any λ P A, we will write xipλq (1 ď i ď r), yjpλq (1 ď j ď s) and zkpλq (1 ď k ď t)
for the projections of λ onto piRqmi ˆ piRqni , piRqpj and piRqqk respectively. We will further
write the coordinate of these vectors as follows:
xipλq “ pxi,1pλq, . . . , xi,mipλq, x
˚
i,1pλq, . . . , x
˚
i,ni
pλqq P piRqmi ˆ piRqni
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y
j
pλq “ pyj,1pλq, . . . , yj,pjpλqq P piRq
pj
zkpλq “ pzk,1pλq, . . . , zk,qkpλqq P piRq
qk
We equip A with the product of the Lebesgue measure on iR. Let Σ : AÑ iR be the linear
form given by
Σpλq “
rÿ
i“1
˜
miÿ
ℓ“1
xi,ℓpλq `
niÿ
ℓ“1
x˚i,ℓpλq
¸
`
sÿ
j“1
pjÿ
ℓ“1
yj,ℓpλq `
tÿ
k“1
qkÿ
ℓ“1
zk,ℓpλq
and A0 :“ KerpΣq. We equip A0 with the unique Haar measure such that the quotient
measure on A {A0 » iR (the isomorphism being induced by Σ) is the Lebesgue measure.
For all 1 ď i ď r (resp. 1 ď i ď r, 1 ď j ď s and 1 ď k ď t), we let Smi (resp. Sni, Spj
and Sqk) act on piRq
mi (resp. piRqni, piRqpj and piRqqk) by permutation of the coordinates
and we set
W :“
rź
i“1
pSmi ˆSniq ˆ
sź
j“1
Spj ˆ
tź
k“1
Sqk
Then W acts on A by the product of the previous actions and therefore also on the Schwartz
space SpAq. Denote by SpAqW the subspace of W -invariant functions. Using the notation
of Proposition 3.2.1, for every s P H we define a distribution Ds P SpAq1 by
Dspϕq :“
ż
A0
ϕpλq
rź
i“1
Pmi,ni,sp
xipλq
di
q ˆ
sź
j“1
Qpj ,sp
y
j
pλq
ej
q ˆ
tź
k“1
Rqk,sp
zkpλq
fk
qdλ, ϕ P SpAq.
Let A1 be the subspace of A defined by the relations
• xi,ℓpλq ` x
˚
i,ℓpλq “ 0 for every 1 ď i ď r and 1 ď ℓ ď ni;
• yj,ℓpλq ` yj,pj`1´ℓpλq “ 0 for every 1 ď j ď s and 1 ď ℓ ď
X
pj
2
\
;
• zk,ℓpλq ` zk,qk`1´ℓpλq “ 0 for every 1 ď k ď t and 1 ď ℓ ď
P
qk
2
T
.
The map λ ÞÑ
˜
pxi,ℓpλqq 1ďiďr
1ďℓďni
, pyj,ℓpλqq 1ďjďs
1ďℓďr
pj
2 s
, pzk,ℓpλqq 1ďkďt
1ďℓďt qk2 u
¸
induces an isomorphism
A1 »
rź
i“1
piRqni ˆ
sź
j“1
piRqr
pj
2 s ˆ
tź
k“1
piRqt
qk
2 u
and we equip A1 with the measure which transfer to the Lebesgue measure via this isomor-
phism. Define the following subgroup of W :
W 1 :“
rź
i“1
`
Sdiagni ˆSmi´ni
˘
ˆ
sź
j“1
´
St
pj
2 u
˙pZ {2Zqt
pj
2 u
¯
ˆ
tź
k“1
´
St qk2 u
˙pZ {2Zqt
qk
2 u
¯
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where for all integers m ě n and p, Sdiagn ˆSm´n denotes the subgroup of elements pσ, τq P
SmˆSn such that τ´1σ fixes t1, . . . , nu point-wise and we identify St p2 u
˙pZ {2Zqt
p
2 u with
the subgroup of Sp preserving the partition
 
tℓ, p` 1´ ℓu | 1 ď ℓ ď
P
p
2
T(
of t1, . . . , pu. It is
easy to check that A1 is W 1-invariant. Finally, we define a distribution D1 P SpAq1 by
D1pϕq :“
D
n
p2πqN´121´c
ż
A1
ϕpµq lim
sÑ0`
sN
rź
i“1
Pmi,ni,sp
xipµq
di
qˆ
sź
j“1
Qpj ,sp
y
j
pµq
ej
qˆ
tź
k“1
Rqk,sp
zkpµq
fk
qdµ
for all ϕ P SpAq, where
• n :“
rÿ
i“1
pni `miqdi `
sÿ
j“1
pjej `
tÿ
k“1
qkfk;
• D :“
rź
i“1
dnii ˆ
sź
j“1
e
pj
2
j ˆ
tź
k“1
f
r qk2 s
k ;
• c :“ |t1 ď k ď t | qk ” 1 r2su|;
• N :“
rÿ
i“1
ni `
sÿ
j“1
Ypj
2
]
`
tÿ
k“1
Qqk
2
U
.
Note that by Proposition 3.2.1, we have
lim
sÑ0`
sN
rź
i“1
Pmi,ni,sp
xipµq
di
q ˆ
sź
j“1
Qpj ,sp
y
j
pµq
ej
q ˆ
tź
k“1
Rqk,sp
zkpµq
fk
q “(3.3.1)
rź
i“1
S˚mi,nip
xipµq
di
q ˆ
sź
j“1
T ˚pjp
y
j
pµq
ej
q ˆ
tź
k“1
U˚qkp
zkpµq
fk
q
for almost all µ P A1 and that this extends to a polynomial function on A1 so that the
distribution D1 is well-defined.
Proposition 3.3.1 For every ϕ P SpAqW , we have
lim
sÑ0`
sDspϕq “
$&%
|W |
|W 1|
D1pϕq if mi “ ni for all 1 ď i ď r and pj is even for all 1 ď j ď s,
0 otherwise.
Proof: Let ϕ P SpAqW . By Proposition 3.2.1, we have
rź
i“1
Pmi,ni,sp
xipλq
di
q ˆ
sź
j“1
Qpj ,sp
y
j
pλq
ej
q ˆ
tź
k“1
Rqk,sp
zkpλq
fk
q “
1
|W 1|
ÿ
wPW
rź
i“1
Smi,ni,sp
xipwλq
di
q ˆ
sź
j“1
Tpj ,sp
y
j
pwλq
ej
q ˆ
tź
k“1
Uqk,sp
zkpwλq
fk
q
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for every λ P A and s P H. Therefore, as ϕ is W -invariant, setting
rDspϕq “ ż
A0
ϕpλq
rź
i“1
Smi,ni,sp
xipλq
di
q ˆ
sź
j“1
Tpj ,sp
y
j
pλq
ej
q ˆ
tź
k“1
Uqk,sp
zkpλq
fk
qdλ, s P H
we need to show that
lim
sÑ0`
s rDspϕq “ " D1pϕq if mi “ ni for all 1 ď i ď r and pj is even for all 1 ď j ď s0 otherwise.
(3.3.2)
Set
ψpλq “ ϕpλq
rź
i“1
S˚mi,nip
xipλq
di
q
sź
j“1
T ˚pjp
y
j
pλq
ej
q
tź
k“1
¨˚
˝U˚qkpzkpλqfk q ź
1ďℓďt qk2 u
2zk,ℓpλq
fk
‹˛‚, λ P A
Notice that ψ being the product of ϕ with a polynomial function on A we have ψ P SpAq.
Moreover,
rDspϕq “ ż
A0
ψpλq
rź
i“1
ź
1ďℓďni
ˆ
xi,ℓpλq ` x
˚
i,ℓpλq
di
` s
˙´1 sź
j“1
ź
1ďℓďt
pj
2 u
ˆ
yj,ℓpλq ` yj,pj`1´ℓpλq
ej
` s
˙´1
tź
k“1
ź
1ďℓďr qk2 s
ˆ
zk,ℓpλq ` zk,qk`1´ℓpλq
fk
` s
˙´1 ź
1ďℓďt qk2 u
ˆ
2zk,ℓpλq
fk
` s
˙´1
dλ.
Let A10 :“ A
1XA0. Fixing a Haar measure on A
1
0 which coincides with the one we fixed
on A1 if A10 “ A
1, we define
ψspλq “
ż
A10
ψpλ` µq
tź
k“1
ź
1ďℓďt qk2 u
ˆ
2zk,ℓpλ` µq
fk
` s
˙´1
dµ
for every s P H and λ P A0 {A
1
0. Then, equipping A0 {A
1
0 with the quotient measure, we
have
rDspϕq “ ż
A0 {A
1
0
ψspλq
rź
i“1
ź
1ďℓďni
ˆ
xi,ℓpλq ` x
˚
i,ℓpλq
di
` s
˙´1 sź
j“1
ź
1ďℓďt
pj
2 u
ˆ
yj,ℓpλq ` yj,pj`1´ℓpλq
ej
` s
˙´1(3.3.3)
tź
k“1
ź
1ďℓďr qk2 s
ˆ
zk,ℓpλq ` zk,qk`1´ℓpλq
fk
` s
˙´1
dλ
for every s P H.
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We readily check that the linear forms λ ÞÑ zk,ℓpλq (1 ď k ď t, 1 ď ℓ ď
X
qk
2
\
) are linearly
independent on A10. Hence, by Lemma 3.1.1, the family s ÞÑ ψs extends to a continuous map
HYt0u Ñ SpA0 {A
1
0q. If there exists 1 ď i ď r such that mi ‰ ni or 1 ď j ď s such that
pj R 2N, then the linear forms xi,ℓp.q ` x˚i,ℓp.q (1 ď i ď r, 1 ď ℓ ď ni), yj,ℓp.q ` yj,pj`1´ℓp.q
(1 ď j ď s, 1 ď ℓ ď
X
pj
2
\
) and zk,ℓp.q ` zk,qk`1´ℓp.q (1 ď k ď t, 1 ď ℓ ď
P
qk
2
T
) restricted to
A0 are linearly independent. Hence, by 3.3.3, Lemma 3.1.1 and the uniform boundedness
principle, rDspϕq admits a limit as s Ñ 0` and thus lim
sÑ0`
s rDspϕq “ 0. This shows 3.3.2 in
this case.
Assume from now on that mi “ ni for all 1 ď i ď r and pj is even for all 1 ď j ď s.
Then, we have A10 “ A
1 and moreover the map sending λ P A0 {A
1 to˜
pxi,ℓpλq ` x
˚
i,ℓpλqq 1ďiďr
1ďℓďni
, pyj,ℓpλq ` yj,pj`1´ℓpλqq 1ďjďs
1ďℓď
pj
2
, pzk,ℓpλq ` zk,qk`1´ℓpλqq 1ďkďt
1ďℓďt qk2 u
, pz
k,r qk2 s
q 1ďkďt
qk”1r2s
¸
induces an isomorphism of vector spaces
A0 {A
1 » piRN q0
which sends the measure on A0 {A
1 to the measure on piRN q0 appearing in Proposition 3.1.2.
Thus, by 3.3.3 viewing ψs as a function on piRNq0 via this isomorphism, we have
rDspϕq “ ż
piRN q0
ψspt1, . . . , tNq
Nś
ℓ“1
p tℓ
hℓ
` sq
dt
where the sequence phℓq1ďℓďN is the concatenation of the sequences pdiq 1ďiďr
1ďℓďni
, pejq 1ďjďs
1ďℓď
pj
2
,
pfkq 1ďkďt
1ďℓďt qk2 u
and pfk
2
q 1ďkďt
qk”1r2s
. Hence, by Proposition 3.1.2 and the uniform boundedness prin-
ciple, we get
lim
sÑ0`
s rDspϕq “
Nś
i“1
hℓřN
ℓ“1 hℓ
p2πqN´1ψ0p0q “
D
n
p2πqN´121´cψ0p0q(3.3.4)
where the last equality follows from a painless computation. Finally, by the last part of
Lemma 3.1.1, and since the function
µ P A1 ÞÑ ψpµq
tź
k“1
ź
1ďℓďt qk2 u
ˆ
2zk,ℓpµq
fk
˙´1
“ ϕpµq
rź
i“1
S˚mi,nip
xipµq
di
qˆ
sź
j“1
T ˚pj p
y
j
pµq
ej
qˆ
tź
k“1
U˚qkp
zkpµq
fk
q,
being the product of a Schwartz function by a polynomial (by Proposition 3.2.1), belongs to
SpA1q, we have
ψ0p0q “
ż
A1
ϕpµq
rź
i“1
S˚mi,nip
xipµq
di
q ˆ
sź
j“1
T ˚pjp
y
j
pµq
ej
q ˆ
tź
k“1
U˚qkp
zkpµq
fk
qdµ
58
Combining this with 3.3.1 and 3.3.4, we obtain 3.3.2 and this ends the proof of the proposi-
tion. 
3.4 A spectral limit
Recall that we have set BCnpσq “ BCpσq b η1n for every σ P TemppUpnqq (see Section 2.10)
and that ScpTemppGnpEqqq denotes the space of functions Φ P SpTemppGnpEqqq which are
supported on a finite number of connected components (see Section 2.9).
Proposition 3.4.1 For every Φ P ScpTemppGnpEqqq, we have
lim
sÑ0`
nγps, 1F , ψ
1q
ż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµ
GnpEq
pπq “(3.4.1)
λE{F pψ
1q´n
2
ż
TemppUpnqq{ stab
ΦpBCnpσqq
γ˚p0, σ,Ad, ψ1q
|Sσ|
dσ
where the right-hand side is absolutely convergent and so does the left hand side for any
s P H.
Proof: The convergence of both sides of 3.4.1 (for s P H) follows directly from Lemma 2.12.1,
2.13.2 and 2.7.4. By Proposition 2.13.2, we have
ż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµGnpEqpπq “ λE{F pψ
1q´n
2
ż
TemppGnpEqq
Φpπq
γ˚p0, π,Ad, ψ1q
|Sπ|γps, π,As, ψ1q
dπ
(3.4.2)
for every s P H. Fix π P TemppGnpEqq. We can write it as
π “
«
rą
i“1
τˆmii ˆ pτ
˚
i q
ˆni
ff
ˆ
«
są
j“1
µ
ˆpj
j
ff
ˆ
«
tą
k“1
ν
ˆqk
k
ff
(Recall that τ˚ stands for pτ cq_) where
• For all 1 ď i ď r, τi P Π2pGdipEqq for some di P N
˚ is such that τi fi τ˚i and mi, ni P N
˚
are such that mi ě ni. Moreover, τi fi τj and τi fi τ˚j for all 1 ď i ă j ď r.
• For all 1 ď j ď s, µj P Π2pGejpEqq for some ej P N
˚ is such that µj » µ˚j but
γp0, µj,As, ψ
1q ‰ 0 and pj P N
˚. Moreover, µi fi µj for all 1 ď i ă j ď s.
• For all 1 ď k ď t, νk P Π2pGfkpEqq for some fk P N
˚ is such that νk » ν˚k and
γp0, νk,As, ψ
1q “ 0 and qk P N
˚. Moreover, νi fi νj for all 1 ď i ă j ď t.
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In other words, we have written π “ iGnpEq
MpF q pΠq where
MpF q “
˜
rź
i“1
GdipEq
mi`ni ˆ
sź
j“1
GejpEq
pj ˆ
tź
k“1
GfkpEq
qk
¸
{ZnpF q
is a Levi subgroup of GnpEq and Π is a certain square-integrable representation of MpF q.
In the Archimedean case (i.e. when F “ R), by linearity we may assume that Φ is
supported in the connected component O Ă TemppGnpEqq of π. Moreover, up to twisting
Π we may also assume that the restriction of the central character of Π to AMpF q has finite
order.
In the p-adic case, using a partition of unity, we may assume that Φ is supported in a
small enough neighborhood U Ă TemppGnpEqq of π.
Let A0 be as in Section 3.3. Then, there exists a unique isomorphism of vector spaces
A0 » iA
˚
M(3.4.3)
which when composed with the map λ P iA˚M ÞÑ πλ :“ i
GnpEq
MpF q pΠλq becomes (with the
notation of Section 3.3)
λ P A0 ÞÑ πλ :“
˜
rą
i“1
mią
ℓ“1
τi b |det|
xi,ℓpλq
di
E ˆ
nią
ℓ“1
τ˚i b |det|
x˚
i,ℓ
pλq
di
E
¸
ˆ
˜
są
j“1
pją
ℓ“1
µj b |det|
yj,ℓpλq
ej
E
¸(3.4.4)
ˆ
˜
tą
k“1
qką
ℓ“1
νk b |det|
zk,ℓpλq
fk
E
¸
Define W as in Section 3.3. Then, there exists an isomorphism W » W pGnpEq,Πq such
that 3.4.3 transports the action of W on A0 to the action of W pGnpEq,Πq on iA
˚
M . In the
p-adic case, up to shrinking U , we may assume, which we do in what follows, that there exists
a small open neighborhood V Ă A0 of 0 such that λ ÞÑ πλ induces a topological isomorphism
V {W » U . The inverse image by 3.4.3 of iX˚pAMq is 12Λ0 where Λ0 denotes the intersection
of A0 with the lattice
Λ :“
ź
1ďiďr
piZqmi ˆ piZqni ˆ
ź
1ďjďs
piZqpj ˆ
ź
1ďkďt
piZqqk
of A (the factor 1
2
stemming from the fact that |x|E “ |x|2F for every x P F
ˆ). Recall that
we have fixed a Haar measure on A0 in Section 3.3. By definition of this Haar measure, we
have volpA0 {Λ0q “ 1. Hence, by the definition of the Haar measure on iA
˚
M (see Section
2.5) the isomorphism 3.4.3 sends this Haar measure to
´
π
logpqF q
¯1´S
times the Haar measure
on A0 where S “ dimpA0q ` 1 “
řr
i“1mi ` ni `
řs
j“1 pj `
řt
k“1 qk.
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Therefore, by 3.4.2 and 2.7.3 we haveż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµ
GnpEq
pπq “(3.4.5)
λE{F pψ
1q´n
2
|W |
ˆ
π
logpqF q
˙1´S ż
A0
ϕpλq
γ˚p0, πλ,Ad, ψ
1q
|Sπλ|γps, πλ,As, ψ
1q
dλ
where we have set ϕpλq “ Φpπλq in the Archimedean case and
ϕpλq “
"
Φpπλq if λ P V
0 otherwise
in the p-adic case. Notice that in both cases we have ϕ P SpA0qW .
By 2.11.1, 2.11.2 and 2.11.3, we readily check that
|Sπλ| “ 2
SP(3.4.6)
for every λ P A0 where we have set P “
rź
i“1
dmi`nii
sź
j“1
e
pj
j
tź
k“1
f
qk
k .
From 2.12.3, 2.12.4, 2.12.6, 2.12.7, 2.12.9, 2.12.10 and 2.12.11, we infer that there exists
a function F P C8pA0qW which is of moderate growth together with all its derivatives in the
Archimedean case such that
γ˚p0, πλ,Ad, ψ
1q “
˜
rź
i“1
ź
1ďℓ‰ℓ1ďmi
p
xi,ℓpλq ´ xi,ℓ1pλq
di
q
ź
1ďℓ‰ℓ1ďni
p
x˚i,ℓpλq ´ x
˚
i,ℓ1pλq
di
q
¸
ˆ(3.4.7) ¨˝
sź
j“1
ź
1ďℓ‰ℓ1ďpj
p
yj,ℓpλq ´ yj,ℓ1pλq
ej
q‚˛ˆ˜ tź
k“1
ź
1ďℓ‰ℓ1ďqk
p
zk,ℓpλq ´ zk,ℓ1pλq
fk
q
¸
F pλq
for almost all λ P A0.
Set AC :“ AbRC “
rź
i“1
Cmi`ni
sź
j“1
Cpj
tź
k“1
Cqk » CS and embed C inAC diagonally. From
2.12.3, 2.12.4, 2.12.9, 2.12.10, 2.12.11, 2.12.12, 2.12.13 and 2.12.14, we infer similarly that, up
to shrinking U in the p-adic case, there exists a W -invariant meromorphic function G on AC
whose polar divisors are affine subspaces not meeting p´ǫ`HqS for some ǫ ą 0 and which is
of moderate growth on vertical strips with all its derivatives there in the Archimedean case,
resp. whose polar divisors are affine subspaces disjoint from pHYt0uqS ` V in the p-adic
case, such that
γps, πλ,As, ψ
1q´1 “
¨˚
˝ rź
i“1
ź
1ďℓďmi
1ďℓ1ďni
ps`
xi,ℓpλq ` x
˚
i,ℓ1pλq
di
q´1
‹˛‚ˆ
(3.4.8)
¨˝
sź
j“1
ź
1ďℓăℓ1ďpj
ps`
yj,ℓpλq ` yj,ℓ1pλq
ej
q´1‚˛ˆ˜ tź
k“1
ź
1ďℓďℓ1ďqk
ps`
zk,ℓpλq ` zk,ℓ1pλq
fk
q´1
¸
Gp
s
2
` λq
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for all λ P A0 and s P H.
From 3.4.7 and 3.4.8 it follows that, with the notation of Section 3.3, there exists a
continuous family s P HYt0u ÞÑ ϕs P SpA0qW such that
ϕpλq
γ˚p0, πλ,Ad, ψ
1q
γps, πλ,As, ψ1q
“ ϕspλq
rź
i“1
Pmi,ni,sp
xipλq
di
q ˆ
sź
j“1
Qpj ,sp
y
j
pλq
ej
q ˆ
tź
k“1
Rqk,sp
zkpλq
fk
q
(3.4.9)
for all s P H and almost all λ P A0. Therefore, using again notation from Section 3.3, by
3.4.5, 3.4.6 and since γps, 1F , ψ1q „sÑ0 s logpqF qγ˚p0, 1F , ψ1q, we have
nγps, 1F , ψ
1q
ż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµ
GnpEq
pπq „sÑ0`(3.4.10)
n
λE{F pψ
1q´n
2
|W |
ˆ
2π
logpqF q
˙´S
πP´1γ˚p0, 1F , ψ
1qsDspϕsq.
Assume first that π cannot be written as BCnpσq for some σ P TemppUpnqq. This means
that (by 2.10.5 and 2.12.14) either there exists 1 ď i ď r such that mi ‰ ni or there exists
1 ď j ď s such that pj is odd. In the Archimedean case, by the assumption that the central
character of Π restricted to AMpF q has finite order, it follows that BCnpTemppUpnqqq does
not meet O at all. In the p-adic case on the other hand, up to shrinking U if necessary, we
may assume that BCnpTemppUpnqqq X U “ H. Then, in both cases, the right-hand side of
3.4.1 turns out to be just zero whereas by 3.4.10 and Proposition 3.3.1 so does the left-hand
side. This proves the proposition in this case.
Assume now that there exists σ P TemppUpnqq{ stab such that π “ BCnpσq. Then
mi “ ni for all 1 ď i ď r, pj is even for all 1 ď j ď s and we can write
σ “
«
rą
i“1
τˆmii
są
j“1
µ
ˆ
pj
2
j
tą
k“1
ν
ˆt qk2 u
k
ff
¸ σ0
where σ0 is a discrete series of some Upmq with
BCmpσ0q “
ą
1ďkďt
qk”1 mod 2
νk.
In other words, we have σ “ iUpnqL pΣq where
L “
rź
i“1
RE{FG
mi
di,E
ˆ
sź
j“1
RE{FG
pj
2
ej ,E
ˆ
tź
k“1
RE{FG
t qk2 u
fk,E
ˆ Upmq,
for a suitable integer m, is a Levi subgroup of Upnq and Σ is a certain square-integrable
representation of LpF q. Let A1 be as in Section 3.3. Then, there exists a unique isomorphism
A1 » iA˚L(3.4.11)
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which when composed with the map µ P iA˚L ÞÑ σµ :“ i
Upnq
LpF qpΣµq becomes
µ P A1 ÞÑ σµ “
»– rą
i“1
mią
ℓ“1
τi b |det|
xi,ℓpµq
di
E ˆ
są
j“1
pj
2ą
ℓ“1
µj b |det|
yj,ℓpµq
ej
E ˆ
tą
k“1
t qk2 uą
ℓ“1
νk b |det|
zk,ℓpµq
fk
E
fifl¸ σ0
By 2.10.4 and 2.10.5, in the Archimedean case, for every λ P A0 we have πλ P BCnpTemppUpnqqq
if and only if λ P A1 in which case πλ “ BCnpσλq. Similarly, in the p-adic case and up to
shrinking U if necessary, for every λ P V we have πλ P BCnpTemppUpnqqq if and only if
λ P A1 in which case we again have πλ “ BCnpσλq. It follows that the function Φ ˝ BCn
on TemppUpnqq{ stab is supported in the connected component tσµ | µ P A
1u of σ in the
Archimedean case and even in the open neighborhood tσµ | µ P A
1XVu of σ in the p-adic
case. We check easily, as before, that the isomorphism 3.4.11 sends the Haar measure on
iA˚L to
´
π
logpqF q
¯N´S
times the Haar measure on A1 that was defined in Section 3.3 where
N “ S ´ dimpA1q “
řr
i“1 ni `
řs
j“1
pj
2
`
řt
k“1
P
qk
2
T
(using again notation from Section 3.3).
Moreover, using the precise description ofW pUpnq,Σq given in Section 2.6, we see that there
exists an isomorphism W 1 » W pUpnq,Σq (where W 1 is defined as in Section 3.3) such that
3.4.11 transports the action of W 1 on A1 to the action of W pUpnq,Σq on iA˚L. Therefore by
2.10.2, assuming U sufficiently small, we haveż
TemppUpnqq{ stab
ΦpBCnpσqq
γ˚p0, σ,Ad, ψ1q
|Sσ|
dσ “(3.4.12)
|W 1|´1
ˆ
π
logpqF q
˙N´S ż
A1
ϕpµq
γ˚p0, σµ,Ad, ψ
1q
|Sσµ |
dµ
Moreover, using 2.11.1, 2.11.2 and 2.11.3 we readily check that
|Sσµ | “ 2
c`S´N P
D
for all µ P A1 where c “ |t1 ď k ď t | qk ” 1 mod 2u| and D “
rź
i“1
dnii ˆ
sź
j“1
e
pj
2
j ˆ
tź
k“1
f
r qk2 s
k
(same notation as in Section 3.3) so that c ` S ´ N “
rÿ
i“1
mi `
sÿ
j“1
pj
2
`
tÿ
k“1
Qqk
2
U
and
P
D
“
rź
i“1
dmii ˆ
sź
j“1
e
pj
2
j ˆ
tź
k“1
f
t qk2 u
k . Consequently, 3.4.12 can be rewritten
ż
TemppUpnqq{ stab
ΦpBCnpσqq
γ˚p0, σ,Ad, ψ1q
|Sσ|
dσ “(3.4.13)
|W 1|´1
ˆ
2π
logpqF q
˙N´S
2´c
D
P
ż
A1
ϕpµqγ˚p0, σµ,Ad, ψ
1qdµ
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On the other hand, by 3.4.10, Proposition 3.3.1 and the uniform boundedness principle we
have
lim
sÑ0`
nγps, 1F , ψ
1q
ż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµGnpEqpπq “
λE{F pψ
1q´n
2
|W 1|
ˆ
2π
logpqF q
˙´S
p2πqN2´c
D
P
γ˚p0, 1F , ψ
1qˆż
A1
lim
sÑ0`
sNϕspµq
rź
i“1
Pmi,ni,sp
xipµq
di
q ˆ
sź
j“1
Qpj ,sp
y
j
pµq
ej
q ˆ
tź
k“1
Rqk,sp
zkpµq
fk
qdµ
From 3.4.9 and the fact that ζF psq „sÑ0 ps logpqF qq´1 this can be rewritten as
lim
sÑ0`
nγps, 1F , ψ
1q
ż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµ
GnpEq
pπq “
λE{F pψ
1q´n
2
|W 1|
ˆ
2π
logpqF q
˙N´S
2´c
D
P
γ˚p0, 1F , ψ
1q
ż
A1
ϕpµq lim
sÑ0`
ζF psq
´N γ
˚p0, πµ,Ad, ψ
1q
γps, πµ,As, ψ1q
dµ
From 3.4.8 it is easy to infer that s ÞÑ γps, πµ,As, ψ1q has a zero of order N at s “ 0 for
almost all µ P A1. Therefore by 2.12.5 and 2.12.15 the above equality is equivalent to
lim
sÑ0`
nγps, 1F , ψ
1q
ż
TemppGnpEqq
Φpπqγps, π,As, ψ1q´1dµ
GnpEq
pπq “
λE{F pψ
1q´n
2
|W 1|
ˆ
2π
logpqF q
˙N´S
2´c
D
P
ż
A1
ϕpµqγ˚p0, σµ,Ad, ψ
1qdµ
Comparing this with 3.4.13 we get the identity of the proposition. 
3.5 A corollary to Proposition 3.4.1
For every σ P TemppUpnqq{ stab, set
cpσq :“ λE{F pψ
1q´
npn`1q
2 c1pσqωσp´1q
1´nηE{F p´1q
npn´1q2
2
where c1pσq is the constant defined by 2.15.1. Notice that cpσq is just a certain root of unity.
Recall from Section 2.15 the continuous linear form β : CwpNnpEqzGnpEq, ψnq Ñ C
and also that in Section 2.14 we have associated to any function f P SpGnpEqq and π P
TemppGnpEqq a functionWf,π P C
wpNnpEqˆNnpEqzGnpEqˆGnpEq, ψ
´1
n bψnq. In particular,
we have Wf,πpg, .q P C
wpNnpEqzGnpEq, ψnq for all g P GnpEq.
Corollary 3.5.1 For every f P SpGnpEqq and g P GnpEq, we haveż
NnpF qzGnpF q
Wfpg, hqdh “(3.5.1)
|τ |
npn´1q
4
E
ż
TemppUpnqq{ stab
βpWf,BCnpσqpg, .qq
γ˚p0, σ,Ad, ψ1q
|Sσ|
cpσqdσ
where the right-hand side is an absolutely convergent integral.
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Proof: First note that up to replacing f by Lpgqf we may assume that g “ 1. By Lemma
2.12.1 and Proposition 2.14.2, the right-hand side of 3.5.1 is convergent and defines a con-
tinuous linear form on SpGnpEqq. It is easy to see that the same holds for the left-hand side.
Therefore, it suffices to check 3.5.1 for the dense subspace of f P SpGnpEqq whose Fourier
transform π ÞÑ fπ is supported in a finite number of components of TemppGnpEqq (e.g. take
f to be K-finite for K a maximal compact subgroup; of course this condition is automatic
in the p-adic case). Let f P SpGnpEqq be such a function and define rf P SpGnpEqq byrfpgq “ ż
ZnpF q
fpzgqdz. Then, we have
ż
NnpF qzGnpF q
Wfp1, hqdh “
ż
ZnpF qNnpF qzGnpF q
W rf p1, hqdh
Choose φ P SpF nq such that φp0q “ 1. Since rfπ “ fπ for every π P TemppGnpEqq, by Lemma
2.16.1(i)-(ii) and Proposition 2.14.2, we haveż
ZnpF qNnpF qzGnpF q
W rfp1, hqdh “ lim
sÑ0`
nγps, 1F , ψ
1qZps,W rfp1, .q, φq
“ lim
sÑ0`
nγps, 1F , ψ
1q
ż
TemppGnpEqq
Zps,Wf,πp1, .q, φqdµGnpEqpπq.
By 2.14.1, applying the functional equation of Theorems 2.16.2, this becomesż
NnpF qzGnpF q
Wfp1, hqdh “ lim
sÑ0`
nγps, 1F , ψ
1q|τ |
npn´1q
2
p 1
2
´sq
E λE{F pψ
1q
npn´1q
2 ˆ(3.5.2) ż
TemppGnpEqq
Zp1´ s, ČWf,πp1, .q, pφqωπpτq1´nγps, π,As, ψ1q´1dµGnpEqpπq
For s sufficiently close to 0, set Φspπq “ Zp1 ´ s, ČWf,πp1, .q, pφqωπpτq1´n for every π P
TemppGnpEqq. Then, by Proposition 2.14.2, Lemma 2.16.1(i) and the assumption made
on f , we see that s ÞÑ Φs is an analytic map into ScpTemppGnpEqqq. Therefore, by Propo-
sition 3.4.1 (and the uniform boundedness principle), we have
lim
sÑ0`
nγps, 1F , ψ
1q|τ |
npn´1q
2
p 1
2
´sq
E λE{F pψ
1q
npn´1q
2 ˆ
(3.5.3)
ż
TemppGnpEqq
Zp1´ s, ČWf,πp1, .q, pφqωπpτq1´nγps, π,As, ψ1q´1dµGnpEqpπq “
λE{F pψ
1q´
npn`1q
2 |τ |
npn´1q
4
E
ż
TemppUpnqq{ stab
Zp1,ĂWf,BCnpσqp1, .q, pφqωBCnpσqpτq1´n γ˚p0, σ,Ad, ψ1q|Sσ| dσ.
By 2.10.3, we have
ωBCnpσqpτq
n´1 “ ωBCpσqpτq
n´1η1npτq
pn´1q “ ωσp´1q
n´1ηE{F p´1q
npn´1q2
2
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whereas by Lemma 2.16.3 and the fact that φp0q “ 1, we have
Zp1,ĂWf,BCnpσqp1, .q, pφq “ c1pσqβpWf,BCnpσqp1, .qq.
Combined with 3.5.2 and 3.5.3 this gives 3.5.1 and ends the proof of the corollary. 
4 A Plancherel formula for GnpF qzGnpEq
4.1 Précis on Plancherel decompositions
Let G be a reductive algebraic group over F which acts regularly on the right of a smooth
F -algebraic variety X. For every π P IrrpGpF qq, we denote by SpXpF qqπ the π-isotypic
maximal quotient of SpXpF qq i.e. the quotient of SpXpF qq by the intersection of kernels of
all continuous GpF q-equivariant linear maps SpXpF qq Ñ π. Let IrrunitpGq Ă IrrpGq be the
subset of unitarizable irreducible representations (i.e. the one admitting a continuous GpF q-
invariant scalar product) that we equip with the Fell topology ([Dix, Sect. 18.1]). Assume
moreover that XpF q is equipped with a GpF q-invariant measure. We denote by L2pXpF qq
the Hilbert space of square-integrable functions for this measure and by p., .qL2pXpF qq the
corresponding inner product. The right regular action induces a unitary representation of
GpF q on L2pXpF qq. Since GpF q is a postliminal locally compact group ([Dix, 13.11.12],
[Ber1]), by [Dix, Theorem 8.6.6] there exists a unique (in a suitable sense) direct integral
decomposition of L2pXpF qq
L2pXpF qq “
ż ‘
IrrunitpGq
Hπ dµXpπq.
Here µX is a Borel measure on IrrunitpGq, and π ÞÑ Hπ is a measurable field of continuous
unitary representations of GpF q (in the sense of [Dix, Sect. 18.7]) with Hπ isomorphic for
µX-almost all π to an Hilbert direct sum of copies of (an Hilbert completion of) π. Such a
decomposition is usually called a Plancherel decomposition for L2pXpF qq.
According to Gelfand-Kostyuchenko and Bernstein (see [Ber3] and also [Li, Sect. 3.3]),
a Plancherel decomposition for L2pXpF qq is equivalent to the following set of data:
• A Borel measure µX on IrrunitpGq;
• For µX-almost all π P IrrunitpGq, a continuous hermitian form p., .qX,π on SpGpF qqwhich
is positive semi-definite (i.e. pϕ, ϕqX,π ě 0 for every ϕ P SpXpF qq; from now on we
will call such an hermitian form a positive semi-definite scalar product), GpF q-invariant
and factorizing through the quotient SpXpF qqπ;
such that the following condition is satisfied: for every ϕ1, ϕ2 P SpXpF qq, the function
π ÞÑ pϕ1, ϕ2qX,π is µX-integrable and we have
pϕ1, ϕ2qL2pXpF qq “
ż
IrrunitpGq
pϕ1, ϕ2qX,πdµXpπq(4.1.1)
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It is under this form that we will describe the Plancherel decomposition for L2pGnpF qzGnpEqq
in the next section.
Actually, we don’t even need to assume that the hermitian forms p., .qX,π are positive
definite i.e. once 4.1.1 is satisfied then the forms p., .qX,π are automatically positive semi-
definite for µX-almost all π. This is the content of [SV, Proposition 6.1.1] in the p-adic
case and actually the proof of loc. cit. works verbatim in the Archimedean case provided
we replace each occurrence of “the Bernstein center" in it by “Arthur’s multiplier algebra"
([Art2], [Del]). We will actually need this result in a slightly different form but for which
the proof of loc. cit. is still valid and we content ourself to state it referring however the
interested reader to Lemma 5.7.2 for a similar kind of argument.
Proposition 4.1.1 Assume given
• A Borel measure µX on IrrunitpGq;
• For µX-almost all π P IrrunitpGq, a continuous sesquilinear form p., .qX,π on SpGpF qq
which is GpF q-invariant and factorizes through the quotient SpXpF qqπ
such that for every ϕ1, ϕ2 P SpXpF qq, the function π ÞÑ pϕ1, ϕ2qX,π is µX-integrable and
4.1.1 is satisfied. Then, for µX-almost all π the form p., .qX,π is a positive semi-definite scalar
product so that the data pµX , p., .qX,πq induce a Plancherel decomposition for L
2pXpF qq.
Finally we remark that the restriction of the Fell topology to TemppGnpEqq Ă IrrunitpGnpEqq
coincides with the natural topology on TemppGnpEqq that was described in Section 2.6. Here
is a quick proof: let pπnqn be a sequence in TemppGnpEqq converging to π P TemppGnpEqq
for the topology defined in Section 2.6. Then, there exists a Levi subgroup M Ď Gn,
σ P Π2pMpEqq and a sequence pχnqn of unramified characters of MpEq converging to the
trivial character such that πn “ i
GnpEq
MpEq pσ b χnq for n large enough and π “ i
GnpEq
MpEq pσq. Iden-
tifying each πn and π with a compact model iKKP pσq (where K “ Kn,E, P P PpMq and
KP “ KXP pEq) and equipping this last space with the usual K-invariant scalar product we
have pπnpgqe, eq Ñ pπpgqe, eq uniformly on compact subsets for every e P iKKP pσq. Therefore,
by definition of the Fell topology, πn Ñ π in IrrunitpGnpEqq. Conversely, if pπnqn is a sequence
of tempered representations converging to π P TemppGnpEqq for the Fell topology then by
[Tad, Theorem 2.2(i)] and [BDix] the infinitesimal character χπn of πn converges point-wise
to χπ where in the p-adic case by “infinitesimal character" we mean the corresponding char-
acter of the Bernstein center. However, the map sending π P TemppGnpEqq to χπ is proper
(for the topology of Section 2.6 on TemppGnpEqq and the topology of point-wise convergence
on the set of all infinitesimal characters): this follows from [Wald1, Théorème VIII.1.2] in
the p-adic case and [H-C1, Corollary 35 p.81] in the Archimedean case. Since the sequence
pπnqn can only have π as a limit point in TemppGnpEqq (by what we just saw) this shows
that πn Ñ π in TemppGnpEqq and thus the claim follows.
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4.2 The theorem
Let n ě 1 and set Yn “ GnpF qzGnpEq that we equip with the quotient measure. There is a
surjection SpGnpEqq Ñ SpYnq given by
f ÞÑ ϕfpxq “
ż
GnpF q
fphxqdh
which identifies SpYnq with the space of GnpF q-coinvariants of SpGnpEqq for the left regular
action (see [AL, Corollary D.5]). For π P TemppGnpEqq and f1, f2 P SpGnpEqq, we define
pf1, f2qYn,π “
ÿ
WPBpπ,ψnq
βpRpf1qW qβpRpf2qW q
where Bpπ, ψnq is an orthonormal basis of Wpπ, ψnq as in Section 2.14 and β is the linear
form defined in Section 2.15.
Lemma 4.2.1 pf1, f2qYn,π is defined by an absolutely convergent expression and does not
depend on the choice of the basis Bpπ, ψnq. The function π P TemppGnpEqq ÞÑ pf1, f2qYn,π
belongs to SpTemppGnpEqqq and the sesquilinear map
SpGnpEqq ˆ SpGnpEqq Ñ SpTemppGnpEqqq
pf1, f2q ÞÑ pπ ÞÑ pf1, f2qYn,πq
is continuous. Moreover, p., .qYn,π is a continuous right GnpEq-invariant positive semi-definite
scalar product on SpGnpEqq and if π P BCnpTemppUpnqqq it factorizes in both variables
through the quotient SpYnqπ_.
Proof: Clearly, p., .qYn,π, if well-defined, is positive semi-definite. By 2.14.3 we have
Wf2‹f_1 ,π
“ R1pf2qWf_1 ,π “ |τ |
´npn´1q{2
E
ÿ
WPBpπ,ψnq
Rpf2qW bRpf1qW
the sum being absolutely convergent in CwpNnpEqzGnpEqˆNnpEqzGnpEq, ψ´1n bψnq (here we
have denoted by R1pf2qWf_1 ,π the right regular action of f2 on the first variable of Wf_1 ,π).
Applying the continuous functional βpbβ to this decomposition we get that pf1, f2qYn,π is
indeed well-defined and
pf1, f2qYn,π “ |τ |
npn´1q{2
E pβpbβqpWf2‹f_1 ,πq(4.2.1)
This already shows that pf1, f2qYn,π does not depend on the choice of the basis Bpπ, ψnq and
that it is right GnpEq-invariant. Moreover, from Proposition 2.14.2 and the continuity of
convolution, we also deduce that the function π P TemppGnpEqq ÞÑ pf1, f2qYn,π belongs to
SpTemppGnpEqqq and that the sesquilinear map
SpGnpEqq ˆ SpGnpEqq Ñ SpTemppGnpEqqq
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pf1, f2q ÞÑ pπ P TemppGnpEqq ÞÑ pf1, f2qYn,πq
is continuous. This implies in particular that p., .qYn,π is continuous. Since pf1, f2qYn,π
only depends on πpf1q and πpf2q, we have that p., .qYn,π factorizes through the maximal
π_-isotypic quotient of SpGnpEqq (for the right GnpEq-action). Finally, by 2.15.1, if π P
BCnpTemppUpnqqq, the form p., .qYn,π is invariant for the left regular action by PnpF q and
its transpose hence by GnpF q so that it factorizes through SpYnq, hence through SpYnqπ_ ,
in both variables. 
By the lemma, for every π P BCnpTemppUpnqqq, p., .qYn,π induces a positive semi-definite
scalar product on SpYnq that we shall denote the same way. We can now state the main
theorem of this chapter.
Theorem 4.2.2 For every ϕ1, ϕ2 P SpYnq, we have
pϕ1, ϕ2qL2pYnq “
ż
TemppUpnqq{stab
pϕ1, ϕ2qYn,BCnpσq
|γ˚p0, σ,Ad, ψ1q|
|Sσ|
dσ
where the right-hand side is an absolutely convergent expression. Moreover we have
cpσqγ˚p0, σ,Ad, ψ1q “ |γ˚p0, σ,Ad, ψ1q|
for every σ P TemppUpnqq, where cpσq is the constant defined in Section 3.5.
First, the convergence of the right-hand side of the proposition follows directly from Lemma
2.12.1, Lemma 4.2.1 and 2.7.4.
Let ϕ1, ϕ2 P SpYnq and choose f1, f2 P SpGnpEqq such that ϕi “ ϕfi for i “ 1, 2. Then, we
have
pϕ1, ϕ2qL2pYnq “
ż
Yn
ż
GnpF qˆGnpF q
f1ph1xqf2ph2xqdh1dh2dx “
ż
GnpF q
fphqdh(4.2.2)
where we have set f “ f2 ‹ f_1 . Moreover, by 4.2.1 we also have
pϕ1, ϕ2qYn,π “ |τ |
npn´1q{2
E pβpbβqpWf,πq(4.2.3)
for every π P BCnpTemppUpnqqq.
4.3 A local unfolding identity
Recall that in Section 2.14 we have associated to any f P SpGnpEqq a function Wf P
CwpNnpEqzGnpEq ˆNnpEqzGnpEq, ψ
´1
n b ψnq.
Proposition 4.3.1 For every f P SpGnpEqq, we haveż
GnpF q
fphqdh “ |τ |
npn´1q{4
E
ż
NnpF qzPnpF q
ż
NnpF qzGnpF q
Wfpp, hqdhdp
where the right-hand side is given by an absolutely convergent expression.
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Proof: First, we check the absolute convergence of the right-hand side. Let ν and r be the
functions on GnpEq defined by νpgq “ |det g|
´1{4
E and rpgq “ p1 ` ‖eng‖
1{2q where en “
p0, . . . , 0, 1q and ‖.‖ denotes the following norm on En: px1, . . . , xnq ÞÑ maxp|x1|E, . . . , |xn|Eq
in the p-adic case, px1, . . . , xnq ÞÑ p|x1|2E ` . . .` |xn|
2
Eq
1{2 in the Archimedean case. Then,
for every integer N ě 1, rNνf P SpGnpEqq and moreover we easily check that
WrNνfpan´1kn´1, anknq “ p1` |an,n|q
N |det a´1n´1an|
´1{2Wfpan´1kn´1, anknq
for every pan´1, an, kn´1, knq P An´1pF q ˆ AnpF q ˆKn´1 ˆ Kn. Therefore by Lemma 2.4.3
(or rather its obvious analog for GnpEq ˆ GnpEq) applied to WrNνf and the Iwasawa de-
composition GnpF q “ NnpF qAnpF qKn, PnpF q “ NnpF qAn´1pF qKn´1, it suffices to show the
existence of N ě 1 such that for every d ą 0 the following expression converges:ż
AnpF qˆAn´1pF q
p1` |an,n|q
´N |det a´1n´1an|
1{2
n´1ź
i“1
ˆ
1` |
an´1,i
an´1,i`1
|
˙´N n´1ź
i“1
ˆ
1` |
an,i
an,i`1
|
˙´N
δn,Epanq
1{2δn,Epan´1q
1{2σpanq
dσpan´1q
dδnpanq
´1δn´1pan´1q
´1dandan´1
“
ż
AnpF q
p1` |an,n|q
´N
n´1ź
i“1
ˆ
1` |
an,i
an,i`1
|
˙´N
σpanq
d|det an|
1{2dan
ˆ
ż
An´1pF q
p1` |an´1,n´1|q
´N
n´2ź
i“1
ˆ
1` |
an´1,i
an´1,i`1
|
˙´N
σpan´1q
d|det an´1|
1{2dan´1.
But, by Lemma 2.4.4 both integrals above are convergent for N " 1 (and any d).
We now show the identity of the proposition by induction on n. For n “ 1, this equality
is a tautology. Assume from now on that n ě 2 and the result is known for smaller values
of n. Then, we can write
ż
NnpF qzPnpF q
ż
NnpF qzGnpF q
Wf pp, hqdhdp “
(4.3.1)
ż
PnpF qzGnpF q
ż
Pn´1pF qUnpF qzPnpF q
ż
Nn´1pF qzPn´1pF q
ż
Nn´1pF qzGn´1pF q
Wfpp
1p, h1hq|detpp1h1q|´1dh1dp1dpdh
Let pp, hq P PnpF qˆGnpF q and set f 1 :“ LppqRphqf , rf 1pgq :“ |det g|´1{2E ż
UnpEq
f 1pvgqψnpvq
´1dv
for every g P Gn´1pEq. Then, rf 1 P SpGn´1pEqq and we have
Wfpp
1p, h1hq “ Wf 1pp
1, h1q “
ż
Nn´1pEq
ż
UnpEq
f 1pp1
´1
vuh1qψnpvq
´1dvψnpuq
´1du
“ |det p1|2
ż
Nn´1pEq
ż
UnpEq
f 1pvp1
´1
uh1qψnpvq
´1dvψnpuq
´1du
“ |detpp1h1q|
ż
Nn´1pEq
rf 1pp1´1uh1qψn´1pǫn´1uǫ´1n´1q´1du
“ |detpp1h1q|W rf 1pǫn´1p1, ǫn´1h1q
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for every pp1, h1q P Pn´1pF q ˆGn´1pF q where we have set
ǫn´1 “
¨˚
˝p´1q
n´2
. . .
1
‹˛‚P An´1pF q X Pn´1pF q.
By the induction hypothesis, we thus getż
Nn´1pF qzPn´1pF q
ż
Nn´1pF qzGn´1pF q
Wfpp
1p, h1hq|detpp1h1q|´1dh1dp1
“
ż
Nn´1pF qzPn´1pF q
ż
Nn´1pF qzGn´1pF q
W rf 1pp1, h1qdh1dp1
“ |τ |
pn´1qpn´2q{4
E
ż
Gn´1pF q
rf 1ph1qdh1 “ |τ |pn´1qpn´2q{4E ż
Gn´1pF q
|deth1|´1
ż
UnpEq
fpp´1vh1hqψnpvq
´1dvdh1.
Combining this with 4.3.1, we obtain
|τ |
´pn´1qpn´2q{4
E
ż
NnpF qzPnpF q
ż
NnpF qzGnpF q
Wfpp, hqdhdp
(4.3.2)
“
ż
PnpF qzGnpF q
ż
Pn´1pF qUnpF qzPnpF q
ż
Gn´1pF q
|deth1|´1
ż
UnpEq
fpp´1vh1hqψnpvq
´1dvdh1dpdh
“
ż
PnpF qzGnpF q
ż
Pn´1pF qUnpF qzPnpF q
ż
Gn´1pF q
|det p´1h1|´1
ż
UnpEq
fpvp´1h1hqψnppvp
´1q´1dvdh1|det p|dpdh
“
ż
PnpF qzGnpF q
ż
Pn´1pF qUnpF qzPnpF q
ż
Gn´1pF q
|deth1|´1
ż
UnpEq
fpvh1hqψnppvp
´1q´1dvdh1|det p|dpdh
Let h P GnpF q and define ϕ P SpUnpEqq by ϕpvq :“
ż
Gn´1pF q
pRphqfqpvh1q|deth1|´1dh1. Then,
by 2.5.1 we haveż
Pn´1pF qUnpF qzPnpF q
ż
Gn´1pF q
|det h1|´1
ż
UnpEq
fpvh1hqψnppvp
´1q´1dvdh1|det p|dp
“
ż
Pn´1pF qzGn´1pF q
ż
UnpEq
ϕpvqψnph
2vh2
´1
q´1dv|deth2|dh2
“ |τ |
pn´1q{2
E
ż
UnpF q
ϕpvqdv “ |τ |
pn´1q{2
E
ż
UnpF q
ż
Gn´1pF q
fpvh1hq|det h1|´1dh1dv
Plugging this into 4.3.2, we obtainż
NnpF qzPnpF q
ż
NnpF qzGnpF q
Wfpp, hqdhdp
“ |τ |
npn´1q{4
E
ż
PnpF qzGnpF q
ż
UnpF q
ż
Gn´1pF q
fpvh1hq|det h1|´1dh1dvdh
“ |τ |
npn´1q{4
E
ż
GnpF q
fphqdh
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ending the proof of the proposition. 
4.4 End of the proof of Theorem 4.2.2
Let ϕ1, ϕ2 P SpYnq and f1, f2, f P SpGnpEqq be as in the end of Section 4.2. By Proposition
4.3.1 and Corollary 3.5.1, we have
ż
GnpF q
fphqdh “ |τ |
npn´1q{2
E
ż
NnpF qzPnpF q
ż
TemppUpnqq{ stab
βpWf,BCnpσqpp, .qq
γ˚p0, σ,Ad, ψ1q
|Sσ|
cpσqdσdp
(4.4.1)
From Lemma 2.15.1 and Lemma 2.4.1, we deduce that the linear map
CwpNnpEqzGnpEq ˆNnpEqzGnpEq, ψ
´1
n b ψnq Ñ C
wpNnpEqzGnpEq, ψ
´1
n q(4.4.2)
W ÞÑ pg ÞÑ βpW pg, .qqq
is continuous. Therefore, by Lemma 2.15.1 again, Proposition 2.14.2, Lemma 2.12.1 and
2.7.4, we see that the right-hand side of 4.4.1 is an absolutely convergent expression and
thereforeż
GnpF q
fphqdh “ |τ |
npn´1q{2
E
ż
TemppUpnqq{ stab
ż
NnpF qzPnpF q
βpWf,BCnpσqpp, .qqdp
γ˚p0, σ,Ad, ψ1q
|Sσ|
cpσqdσ
“ |τ |
npn´1q{2
E
ż
TemppUpnqq{ stab
pβpbβqpWf,BCnpσqqγ˚p0, σ,Ad, ψ1q|Sσ| cpσqdσ
“
ż
TemppUpnqq{stab
pϕ1, ϕ2qYn,BCnpσq
γ˚p0, σ,Ad, ψ1q
|Sσ|
cpσqdσ
where in the last equality we have used 4.2.3. Together with 4.2.2 this shows
pϕ1, ϕ2qL2pYnq “
ż
TemppUpnqq{stab
pϕ1, ϕ2qYn,BCnpσq
γ˚p0, σ,Ad, ψ1q
|Sσ|
cpσqdσ
From this, Lemma 4.2.1 and Proposition 4.1.1, we deduce that cpσqγ˚p0, σ,Ad, ψ1q “ |γ˚p0, σ,Ad, ψ1q|
for almost all σ P TemppUpnqq{stab, hence for all. Given this, the above identity is precisely
the content of Theorem 4.2.2. 
5 Applications to the Ichino-Ikeda and formal degree con-
jectures for unitary groups
5.1 Notation, matching of orbits
Fix an integer n ě 1. In this chapter we will consider the following groups and subgroups:
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• G1 “ RE{FGn,E ˆ RE{FGn`1,E with its two subgroups H1 “ RE{FGn,E (diagonally
embedded) and H2 “ Gn,F ˆGn`1,F . We also equip H2pF q “ GnpF q ˆ Gn`1pF q with
the character η “ ηn b ηn`1 where we recall that ηk stands for the character of GkpF q
given by ηkpgq “ ηE{F pdet gqk.
• For V a hermitian space of dimension n (with underlying hermitian form h), we set
HV “ UpV q and GV “ UpV q ˆ UpV 1q where V 1 “ V ‘ Ev0 is equipped with the
hermitian form h1 given by h1pv1 ` λv0, v2 ` µv0q “ hpv1, v2q ` λµc for all v1, v2 P V
and λ, µ P E. We consider HV as a subgroup of GV through the natural diagonal
embedding HV ãÑ GV .
We letH1ˆH2 (resp. HVˆHV ) act onG1 (resp. GV ) by ph1, h2q¨g “ h1gh
´1
2 . A geometric
point g P G1 (resp. g P GV ) is said to be regular semi-simple if its stabilizer in H1ˆH2 (resp.
HV ˆ HV ) for this action is trivial and its orbit H1gH2 (resp. HV gHV ) is Zariski closed.
We denote by G1rs Ă G
1 and GVrs Ă G
V the open subsets of regular semi-simple elements.
These are not empty ([Zha2, §2.1]) and the actions of H1ˆH2 and HV ˆHV on G1rs and G
V
rs
respectively are free. Let B and BV be the geometric quotients H1zG1{H2 and HV zGV {HV
respectively. Geometric points in B and BV correspond bijectively to closed geometric orbits
in G1 and GV respectively. Let Brs Ă B and B
V
rs Ă B
V be the open subsets corresponding to
regular semi-simple elements (or orbits) i.e. Brs “ H1zG1rs{H2 and B
V
rs “ H
V zGVrs{H
V . Then,
there is a natural isomorphism B » BV which restricts to Brs » B
V
rs ([CZ, Lemme 15.1.4.1]).
Moreover, when taking F -points this isomorphism induces a bijection ([Zha2, Lemme 2.3])
H1pF qzG
1
rspF q{H2pF q »
ğ
V
HV pF qzGVrspF q{H
V pF q(5.1.1)
where the disjoint union of the right-hand side runs over a set of representatives of iso-
morphism classes of hermitian spaces of dimension n. Two regular semi-simple elements
γ P G1rspF q and δ P G
V
rspF q whose orbits correspond to each other by the above bijection will
be said to match and we will abbreviate this by the notation γ Ø δ.
Since the action is free, the quotient of the (restriction to G1rspF q of the) Haar measure on
G1pF q by the Haar measure on H1pF q ˆH2pF q defines a measure on H1pF qzG1rspF q{H2pF q
that we shall denote by dγ. Similarly for every hermitian space V of dimension n, the
quotient of the Haar measure on GV pF q by the Haar measure on HV pF qˆHV pF q gives rise
to a measure dδ “ dV δ on HV pF qzGVrspF q{H
V pF q.
Lemma 5.1.1 The bijection 5.1.1 is measure preserving, i.e. it sends the measure dγ to the
sum of the measures dV δ.
Proof: Let V be a hermitian space of dimension n. Then, by our normalization of measures
(see Section 2.5), dγ “ |ω1|ψ1 and dV δ “ |ωV |ψ1 where ω1 and ωV are certain volume forms
on Brs,F “ B
V
rs,F
. More precisely, ωV is obtained as the quotient of the volume form ωGV
F
by
ωHV
F
ˆHV
F
fixed in Section 2.5 whereas ω1 is the quotient of ωG1
F
by ωH
1,F
ˆH
2,F
. Obviously, it
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suffices to show that ω1 and ωV are equal up to a sign. We have Brs,F “ H1,F zG
1
rs,F
{H2,F and
using the F -algebra isomorphism E bF F » F ˆ F , xb y ÞÑ pxy, xcyq we get identifications
H1,F » Gn,F ˆGn,F , G
1
F
» pGn,F ˆGn,F q ˆ pGn`1,F ˆGn`1,F q, H2,F » Gn,F ˆGn`1,F
such that the inclusion H2,F Ă G
1
F
is the product of the diagonal embeddings Gk,F ãÑ
Gk,F ˆ Gk,F for k “ n, n ` 1 whereas the inclusion H1,F Ă G
1
F
is the identity in the first
component and the natural embedding Gn,F ˆ Gn,F ãÑ Gn`1,F ˆ Gn`1,F in the second.
Similarly, using the same F -algebra isomorphism and a linear bijection V » En that we
extend to V 1 » En`1 by sending v0 to p0, . . . , 0, 1q we get identifications
HV
F
» Gn,F , G
V
F
» Gn,F ˆGn`1,F
such that the inclusion HV
F
Ă GV
F
is the identity in the first component and the natural
embedding Gn,F ãÑ Gn`1,F in the second. Using these identifications, we get an isomorphism
H1,F » H
V
F
ˆHV
F
(5.1.2)
and the projection onto the first components yields another isomorphism
G1
F
{H2,F » G
V
F
(5.1.3)
which is G1
F
» GV
F
ˆ GV
F
-equivariant thus inducing an identification BF “ H1,F zG
1
F
{H2,F »
HV
F
zGV
F
{HV
F
“ BV
F
. This last isomorphism is by its very definition the same as before
(base-changed to F ). Moreover, both 5.1.2 and 5.1.3 obviously extends to the natural split
forms over Z of all the groups under consideration. Therefore (and since the group of outer
automorphisms of Gn has order 2), 5.1.2 sends ωH
1,F
to ˘ωHV
F
ˆHV
F
and 5.1.3 sends the
quotient of the volume form ωG1
F
by ωH
2,F
to ˘ωGV
F
. From this, it immediately follows that
the isomorphism Brs,F » B
V
rs,F
sends ω1 to ˘ωV . 
At some point we will need to “linearize" certain expressions and thus we introduce the
following extra notation:
• Let S be the symmetric space S “ tg P RE{FGn`1 | ggc “ 1u and s be its tangent
space at the identity i.e. s “ tY P RE{F gln`1 | Y ` Y
c “ 0u.
• For every hermitian space V of dimension n, let uV “ upV 1q be the Lie algebra of
UpV 1q.
We let Gn (resp. UpV q) act on s (resp. uV ) by conjugation. As before, a geometric point
X P s (resp. X P uV ) is said to be regular semi-simple if its stabilizer in Gn (resp. UpV q)
for this action is trivial and the corresponding orbit is closed. We denote by srs Ă s and
uVrs Ă u
V the open subsets of regular semi-simple elements. These are not empty ([JR, §3 &
4]) and the actions of Gn and UpV q on srs and uVrs respectively are free. Moreover, there is
also a natural isomorphism between geometric quotients s {Gn » uV {UpV q which restricts
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to srs {Gn » uVrs {UpV q (see [Chau, Proposition 2.2.2.1]) and gives rise, when taking F -points,
to a bijection ([Chau, Lemmes 2.1.5.1, 2.1.5.3 & Proposition 2.2.4.1])
srspF q{GnpF q »
ğ
V
uVrspF q{UpV qpF q(5.1.4)
where the disjoint union of the right-hand side runs, once again, over a set of representatives
of isomorphism classes of hermitian spaces of dimension n. Two regular semi-simple elements
Y P srspF q and X P uVrspF q whose orbits correspond by the above bijection will be said to
match and we will abbreviate this by Y Ø X.
There is the following Gn-equivariant isomorphism
ν : RE{FGn`1{Gn`1 Ñ S
g ÞÑ gpg´1qc.
We use ν to transfer the measure on Gn`1pEq{Gn`1pF q to a measure on SpF q which in turn
induces a Haar measure on spF q by taking its fiber at 1 (this makes sense since the measure
on SpF q thus obtained is in the natural class of measures on this F -analytic manifold).
Similarly, the Haar measure on UpV 1qpF q induces one on uV pF q. Now, since the actions are
free, the quotient of the measure on spF q (resp. uV pF q) by the Haar measure on GnpF q
(resp. UpV qpF q) defines a measure on srspF q{GnpF q (resp. uVrspF q{UpV qpF q) that we shall
denote by dY (resp. dX “ dVX). By essentially the same arguments as for Lemma 5.1.1
we have:
Lemma 5.1.2 The bijection 5.1.4 is measure preserving, i.e. it sends the measure dY to
the sum of the measures dVX.
Let c : s 99K S (resp. cV : uV 99K UpV 1q) be the rational isomorphism (henceforth called
Cayley map) sending X to 1`X{2
1´X{2
. Note that c (resp. cV ) is Gn-equivariant (resp. UpV q-
equivariant). By abuse of notation we will also write c for cV , hoping that it will not create
any confusion for the attentive reader. We fix once and for all a small open neighborhood U
of 0 in ps {GnqpF q “ puV {UpV qqpF q on the inverse image of which (both in spF q and uV pF q
for every hermitian space V of dimension n) c is well-defined as well as a cut-off function
α P C8c pUq (here we remark that the “base" s {Gn is smooth, and even an affine space, see
[Chau, Proposition 2.1.5.2]) such that α “ 1 on some neighborhood of 0. This allows to define
two applications Φ1 P SpSpF qq ÞÑ Φ16 P SpspF qq and Φ
V P SpUpV 1qpF qq ÞÑ ΦV6 P Spu
V pF qq
by
Φ16pY q “
"
η1pdetp1´ Y qq´nαpY qΦ1pcpY qq if Y P U
0 otherwise
and
ΦV6 pXq “
"
αpXqΦV pcpXqq if X P U
0 otherwise
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for every Y P spF q and X P uV pF q. The presence of the extra factor η1pdetp1 ´ Y qq´n is
justified a posteriori by 5.2.1. Note that in the p-adic case, up to shrinking U we can make
this factor identically 1 on U .
We also define two applications f 1 P SpG1pF qq ÞÑ rf 1 P SpSpF qq and fV P SpGV pF qq ÞÑĂfV P SpUpV 1qpF qq by
ĂfV pgq “ ż
HV pF q
fphp1, gqqdh, g P UpV 1qpF q
and rf 1psq “ ż
H1pF qˆGn`1pF q
f 1ph1p1, ν
´1psqhn`1qqη
1
n`1pν
´1psqhn`1qdhn`1dh1, s P SpF q
where ν is the isomorphism Gn`1pEq{Gn`1pF q » SpF q defined above and we recall that η1n`1
is a character of Gn`1pEq extending the character ηn`1 of Gn`1pF q (see 2.2).
We shall denote the composition of the two maps f 1 ÞÑ rf 1 and Φ1 ÞÑ Φ16 (resp. fV ÞÑ ĂfV
and ΦV ÞÑ ΦV6 ) by f
1 P SpG1pF qq ÞÑ rf 16 P SpspF qq (resp. fV P SpGV pF qq ÞÑ ĂfV6 P SpuV pF qq).
We define two non-degenerate GnpF q- and UpV qpF q-invariant symmetric bilinear forms
x., .y : spF q ˆ spF q Ñ F and x., .y : uV pF q ˆ uV pF q Ñ F by
xX, Y y “ TracepXY q
for allX, Y P spF q orX, Y P uV pF q. This allows to define Fourier transforms ϕ1 P SpspF qq ÞÑ
F ϕ1 P SpspF qq and ϕV P SpuV pF qq ÞÑ F ϕV P SpuV pF qq by
F ϕ1pY q “
ż
spF q
ϕ1pY 1qψ1pxY 1, Y yqdY 1
ˆ
resp. F ϕV pXq “
ż
uV pF q
ϕV pX 1qψ1pxX 1, XyqdX 1
˙
for every Y P spF q and X P uV pF q. By our choice of Haar measures, we have FpF ϕ1qpY q “
ϕ1p´Y q and FpF ϕV qpXq “ ϕV p´Xq for every ϕ1 P Sps1pF qq and ϕV P SpuV pF qq.
Finally, we fix once an for all a set V of representatives of hermitian spaces of dimension
n and we set G “
Ů
V PV G
V , u “
Ů
V PV u
V so that
SpGpF qq “
à
V PV
SpGV pF qq and SpupF qq “
à
V PV
SpuV pF qq.
We extend the maps fV ÞÑ ĂfV6 by linearity to
SpGpF qq Ñ SpupF qq
f “ pfV qV ÞÑ rf6 “ pĂfV6 qV .
We could also extend the Fourier transforms ϕV ÞÑ F ϕV by linearity to SpupF qq but it turns
out to be a better choice to use the following convention (see in particular Theorem 5.2.2)
F ϕ “
`
ηE{F pdiscpV qq
nF ϕV
˘
V
for every ϕ “ pϕV qV P SpupF qq where discpV q stands for the discriminant of the hermitian
space V (that is the determinant of the matrix representing the hermitian form, in any basis,
seen as an element of Fˆ{NpEˆq).
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5.2 Relative orbital integrals and matching of functions
We keep the notation of the previous section. Let V P V. For f 1 P SpG1pF qq (resp. fV P
SpGV pF qq) and γ P G1rspF q (resp. δ P G
V
rspF q), we define a relative orbital integral Oηpγ, f
1q
(resp. Opδ, fV q) by
Oηpγ, f
1q “
ż
H1pF qˆH2pF q
f 1ph1γh2qηph2qdh2dh1
ˆ
resp. Opδ, fV q “
ż
HV pF qˆHV pF q
fV ph1δh2qdh1dh2
˙
Similarly, for ϕ1 P SpspF qq (resp. ϕV P SpuV pF qq) and Y P srspF q (resp. X P uVrspF q) we
define a relative orbital integral
OηpY, ϕ
1q “
ż
GnpF q
ϕ1phY h´1qηE{F phqdh
ˆ
resp. OpX,ϕV q “
ż
UpV qpF q
ϕV phXh´1qdh
˙
We define transfer factors
Ω : G1rspF q Ñ C
ˆ and ω : srspF q Ñ C
ˆ
by
ωpY q “ η1 pdetpen`1, en`1Y, . . . , en`1Y
nqq , Y P srspF q
and
Ωppgn, gn`1qq “ η
1pg´1n gn`1q
´nη1 pdetpen`1, en`1s, . . . , en`1s
nqq , pgn, gn`1q P G
1
rspF q
where en`1 “ p0, . . . , 0, 1q and in the last equality we have used the notation s “ νpg´1n gn`1q
for simplicity.
We say that two functions f “ pfV qV P SpGpF qq and f 1 P SpG1pF qq match or that they
are transfer of each other if
ΩpγqOηpγ, f
1q “ Opδ, fV q
for every V P V and every pair pγ, δq P G1rspF q ˆ G
V
rspF q with matching orbits. Similarly,
we say that two functions ϕ “ pϕV qV P SpupF qq and ϕ1 P SpspF qq match or that they are
transfer of each other if
ωpY qOηpY, ϕ
1q “ OpX,ϕV q
for every V P V and every pair pY,Xq P srspF q ˆ uVrspF q with matching orbits.
The following follows easily from the definitions and a painless computation:
(5.2.1) If f 1 P SpG1pF qq and f P SpGpF qq match then rf 16 and rf6 match.
Finally, we recall the following deep results from [Zha1] and [Xue].
Theorem 5.2.1 (Zhang, Xue) (i) Assume that F is a p-adic field. Then, for every
f P SpGpF qq (resp. ϕ P SpupF qq) there exists f 1 P SpG1pF qq (resp. ϕ1 P SpspF qq) such
that f and f 1 match (resp. ϕ and ϕ1 match). Conversely, for every f 1 P SpG1pF qq
(resp. ϕ1 P SpspF qq) there exists f P SpGpF qq (resp. ϕ P SpupF qq) such that f and f 1
match (resp. ϕ and ϕ1 match).
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(ii) Assume that F is Archimedean. Then, there exists dense subspaces SpGpF qqtrans Ă
SpGpF qq, SpG1pF qqtrans Ă SpG
1pF qq, SpupF qqtrans Ă SpupF qq and SpspF qqtrans Ă SpspF qq
satisfying the following: for every f P SpGpF qqtrans (resp. ϕ P SpupF qqtrans) there ex-
ists f 1 P SpG1pF qq (resp. ϕ1 P SpspF qq) such that f and f 1 match (resp. ϕ and ϕ1
match) and conversely, for every f 1 P SpG1pF qqtrans (resp. ϕ
1 P SpspF qqtrans) there
exists f P SpGpF qq (resp. ϕ P SpupF qq) such that f and f 1 match (resp. ϕ and ϕ1
match).
Theorem 5.2.2 (Zhang, Xue) Let ϕ P SpupF qq and ϕ1 P SpspF qq. Then, if ϕ and ϕ1
match so do ηE{F p´1q
npn`1q{2λE{F pψ
1qnpn`1q{2 F ϕ and F ϕ1 (where the Fourier transform
F ϕ of ϕ is as defined in the end of Section 5.1).
Remark 5.2.3 We remark that the constant ηE{F p´1q
npn`1q{2λE{F pψ
1qnpn`1q{2 appearing in
the above theorem is not exactly the same as the one we can extract from the computations of
[Zha1, Sect. 4]. We refer the reader to [Chau, Theorem 3.4.2.1] for a precise determination of
this constant (which fits precisely the one given above) in the p-adic case. In the Archimedean
case, the above theorem corresponds precisely what is stated in [Xue, §9].
5.3 Relative characters
Let V P V and π P TemppGV q. Then, for every f P SpGV pF qq we set
Jπpfq “
ż
HV pF q
Tracepπphqπpf_qqdh “
ż
HV pF q
fπphqdh
the integral being absolutely convergent by the following lemma.
Lemma 5.3.1 For every f P CwpGV pF qq the integralż
HV pF q
fphqdh
converges absolutely and defines a continuous linear form on CwpGV pF qq.
Proof: This follows easily from [Beu1, Lemma 6.5.1(i)]. 
Set N 1 “ RE{FNnˆRE{FNn`1 (a maximal unipotent subgroup of G1) and ψN 1 “ ψnbψn`1
(a generic character of N 1pF q). We define continuous linear forms
β 1 : CwpN 1pF qzG1pF q, ψN 1q Ñ C
by
β 1pW q “
ż
N2pF qzP2pF q
W ppqηppqdp
and
λpW q “
ż
N1pF qzH1pF q
W ph1qdh1, W PWpΠ, ψq
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where P2 “ H2 X P 1, N2 “ H2 XN 1 and N1 “ H1 XN 1. Note that β 1 “ βnpbβn`1 where βn
and βn`1 are defined in Section 2.15. That λ is absolutely convergent and continuous is a
consequence of the following lemma.
Lemma 5.3.2 (i) For every W P CwpN 1pF qzG1pF q, ψN 1q the integral
λpW q “
ż
N1pF qzH1pF q
W ph1qdh1
is absolutely convergent and defines a continuous linear form on CwpN 1pF qzG1pF q, ψN 1q.
(ii) For every φ P CwpG1pF qq the integralż
H1pF q
φph1qdh1
is absolutely convergent and defines a continuous linear form on CwpG1pF qq.
Proof:
(i) The proof is completely similar to the proof of Lemma 2.15.1 and left to the reader.
(ii) By definition of φ P CwpG1pF qq it suffices to show that for every d ą 0 the integralż
H1pF q
ΞG
1
ph1qσph1q
ddh1
converges. This is the content of [Wald2, 4.1(3)] in the p-adic case but the proof works
verbatim in the Archimedean case. 
Let Π P TemppG1q. We can write Π “ Πn bΠn`1 where Πk P TemppGkpEqq, k “ n, n`1.
Let WpΠ, ψq “ WpΠn, ψnqpbWpΠn`1, ψn`1q be the Whittaker model of Π with respect to
the character ψN 1. We equip WpΠ, ψq with the G1pF q-invariant scalar product (see Section
2.8)
pW,W 1qWhittG1 “
ż
N 1pF qzP 1pF q
W ppqW 1ppqdp, W,W 1 PWpΠ, ψq
where P 1 “ RE{FPn ˆ RE{FPn`1. Let BpΠ, ψq be an orthonormal basis of (the Hilbert
completion of)WpΠ, ψq for this scalar product obtained by taking the union of orthonormal
basis for WpΠ, ψqrδs for every δ P xK 1 where K 1 “ Kn,E ˆ Kn`1,E. Then, for every f P
SpG1pF qq we set
IΠpfq “
ÿ
WPBpΠ,ψq
λpW qβ 1pΠpf_qW q.
We also define on SpG1pF qq the following positive semi-definite scalar product
pf1, f2qX2,Π “
ÿ
WPBpΠ,ψq
β 1pΠpf_1 qW qβ
1pΠpf_2 qW q, f1, f2 P SpG
1pF qq
where as usual f_k pgq “ fkpg
´1q for k “ 1, 2.
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Proposition 5.3.3 The expressions defining IΠpfq and pf1, f2qX2,Π are absolutely convergent
and do not depend on the choice of the basis BpΠ, ψq. The functions
Π P TemppG1pF qq ÞÑ IΠpfq and Π P TemppG
1pF qq ÞÑ pf1, f2qX2,Π
belong to SpTemppG1pF qqq and the linear (resp. sesquilinear) map
f P SpG1pF qq ÞÑ pΠ ÞÑ IΠpfqq P SpTemppG
1qq`
resp. pf1, f2q P SpG
1pF qq2 ÞÑ pΠ ÞÑ pf1, f2qX2,Πq P SpTemppG
1qq
˘
is continuous. Moreover, we haveż
H1pF q
pLph1qf1, f2qX2,Πdh1 “ |τ |
´npn´1q{2
E IΠpf1qIΠpf2q(5.3.1)
for every f1, f2 P SpG
1pF qq.
Proof: The proof of the first part of the proposition is completely similar to the proof of the
first part of Lemma 4.2.1. We prove the last part (i.e. identity 5.3.1). Let f1, f2 P SpG1pF qq.
Then, we have (at least formally)ż
H1pF q
pLph1qf1, f2qX2,Πdh1 “
ż
H1pF q
ÿ
WPBpΠ,ψq
β 1pΠpf_1 qΠph1qW qβ
1pΠpf_2 qW qdh1
“
ż
H1pF q
ÿ
WPBpΠ,ψq
ÿ
W 1PBpΠ,ψq
pΠph1qW,W
1qWhittG1 β
1pΠpf_1 qW
1qβ 1pΠpf_2 qW qdh1
We claim
(5.3.2) The above expression is absolutely convergent.
In the p-adic case, the sums in W and W 1 are actually finite and the result follows from 2.6.1
and Lemma 5.3.2 (ii). In the Archimedean case, by 2.14.2 the seriesÿ
W 1PBpΠ,ψq
β 1pΠpf_1 qW
1qW 1 and
ÿ
WPBpΠ,ψq
β 1pΠpf_2 qW qW
converge absolutely in WpΠ, ψq whereas by 2.6.1, the sesquilinear map
WpΠ, ψq ˆWpΠ, ψq Ñ CwpG1pF qq
pW,W 1q ÞÑ
`
g ÞÑ pRpgqW,W 1qWhittG1
˘
is continuous. It follows that the series of functions
g P G1pF q ÞÑ
ÿ
WPBpΠ,ψq
ÿ
W 1PBpΠ,ψq
pΠpgqW,W 1qWhittG1 β
1pΠpf_1 qW
1qβ 1pΠpf_2 qW q
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converges absolutely in CwpG1pF qq and the claim now follows from Lemma 5.3.2 (ii).
By 5.3.2, we can writeż
H1pF q
pLph1qf1, f2qX2,Πdh1 “
ÿ
WPBpΠ,ψq
ÿ
W 1PBpΠ,ψq
ż
H1pF q
pΠph1qW,W
1qWhittG1 dh1β
1pΠpf_1 qW
1qβ 1pΠpf˚2 qW q
Assume one moment proved the following:
(5.3.3) For every W,W 1 PWpΠ, ψq we haveż
H1pF q
pΠph1qW,W
1qWhittG1 dh1 “ |τ |
´npn´1q{2
E λpW qλpW
1q
Then, we would getż
H1pF q
pLph1qf1, f2qX2,Πdh1 “ |τ |
´npn´1q{2
E
ÿ
WPBpΠ,ψq
ÿ
W 1PBpΠ,ψq
λpW 1qλpW qβ 1pΠpf_1 qW
1qβ 1pΠpf_2 qW q
“ |τ |
´npn´1q{2
E IΠpf1qIΠpf2q
hence the result.
It only remains to prove 5.3.3. Since, by 2.6.1 and Lemma 5.3.2 (ii) again, the sesquilinear
form
pW,W 1q PWpΠ, ψq2 ÞÑ
ż
H1pF q
pΠph1qW,W
1qWhittG1 dh1
is continuous, we just need to show 5.3.3 when W “ WnbWn`1 andW 1 “W 1nbW
1
n`1 where
Wk,W
1
k PWpΠk, ψkq, k “ n, n` 1. Then, returning to the definitions, we haveż
H1pF q
pΠph1qW,W
1qWhittG1 dh1 “
ż
GnpEq
ż
NnpEqzGnpEq
pRphqWn,W
1
nq
WhittWn`1pghqW 1n`1pgqdgdh
where p., .qWhitt is the scalar products on CwpNnpEqzGnpEq, ψnq defined in Section 2.8. Then,
by formal manipulations we getż
H1pF q
pΠph1qW,W
1qWhittG1 dh1 “
ż
NnpEqzGnpEq
ż
GnpEq
pRphqWn,W
1
nq
WhittWn`1pghqW 1n`1pgqdhdg
“
ż
NnpEqzGnpEq
ż
GnpEq
pRphqWn, RpgqW
1
nq
WhittWn`1phqW 1n`1pgqdhdg
“
ż
NnpEqzGnpEq
ż
NnpEqzGnpEq
ż ˚
NnpEq
pRpuhqWn, RpgqW
1
nq
Whittψnpuq
´1duWn`1phqW 1n`1pgqdhdg
“ |τ |
´npn´1q{2
E
ż
NnpEqzGnpEq
ż
NnpEqzGnpEq
WnphqW 1npgqWn`1phqW
1
n`1pgqdhdg “ |τ |
´npn´1q{2
E λpW
1qλpW q
81
where in the fourth equality we have used Proposition 2.14.3. If these formal manipulations
were justified this would prove 5.3.3. Unfortunately, the above expression is certainly not
absolutely convergent in general. However, by Lemma 2.6.1 the function
φ : g P GnpEq ÞÑ pRpgqWn,W
1
nq
Whitt
belongs to CwpGnpEqq and we recall that to every function φ P C
wpGnpEqq we have associated
in Section 2.14 a function
Wφ P C
wpNnpEqzGnpEq ˆNnpEqzGnpEq, ψ
´1
n b ψnq.
Then that the result of the above formal manipulations is indeed correct follows from:
(5.3.4) For every φ P CwpGnpEqq we haveż
GnpEq
φphqpRphqWn`1,W
1
n`1q
Whittdh “
ż
pNnpEqzGnpEqq
2
Wφpg, hqWn`1phqW 1n`1pgqdhdg
By Lemma 2.6.1, Lemma 2.14.1 and Lemma 5.3.2 both sides of 5.3.4 are absolutely conver-
gent and define continuous linear forms on CwpGnpEqq. Therefore, it suffices to check the
equality for φ P SpGnpEqq where the same formal manipulations as before are now justified
due to the absolute convergence of the relevant expressions. This shows 5.3.4 and ends the
proof of the proposition. 
5.4 Statement of the main theorems
Let V P V. Recall that a representation π P TemppGV q is said to be HV -distinguished if
there exists a non-zero (continuous) HV pF q-invariant linear form on (the space of) π. By
[Beu1, Theorem 7.2.1], π is HV -distinguished if and only if the relative character Jπ is not
identically zero. We denote by TempHV pG
V q the subset of irreducible HV -distinguished
tempered representations of GV pF q. By [Beu1, Corollary 7.6.1], TempHV pG
V q is a union of
connected components of TemppGV q.
The first main theorem of this chapter is the following one which, as explained in the
introduction, has direct applications to the global Ichino-Ikeda conjecture for unitary groups.
Theorem 5.4.1 Let f “ pfV qV P SpGpF qq and f
1 P SpG1pF qq be matching functions. Then,
for every V P V and every π P TempHV pG
V q, we have
κV Jπpf
V q “ IBCpπqpf
1q
where
κV “
`
η1pp´1qn`1τqλE{F pψ
1q
˘npn`1q{2
|τ |
npn´1q{4
E ηE{F pdiscpV qq
n.
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Remark 5.4.2 The constant that appears in the theorem above differs slightly from [Zh3,
Conjecture 4.4]. For this, we offer the following explanation. First our normalization of
the relative characters Jπ and IΠ is not the same as in loc. cit. since we have replaced the
representations π and Π by their contragredient and we have used the Whittaker model of Π
with respect to ψn rather than ψ
1
E. This last point explain the discrepancy for the powers of
|τ |E. The difference for the exponents of ηE{F p´1q and ηE{F pdiscpV qq seems for its part to
originate from the precise computation of the constant up to which “Fourier transform and
transfer commute" (see Remark 5.2.3).
To state the second main result of this chapter, we introduce the following notation: for
G a connected reductive group over F , we let π P TemppGq ÞÑ µ˚Gpπq be the function (or
density) such that dµGpπq “ µ˚Gpπqdπ. Note that by definition of dπ, µ
˚
Gpπq differs from
µGpπq (defined in Section 2.13) by an integral power of γ˚p0, 1F , ψ1q.
Theorem 5.4.3 We have
µ˚GV pπq “
|γ˚p0, π,Ad, ψ1q|
|Sπ|
for almost all π P TempHV pG
V q.
We note the following interesting corollary which is a particular case of a general conjec-
ture of Hiraga-Ichino-Ikeda ([HII]).
Corollary 5.4.4 For every hermitian space W over E, we have
µ˚UpW qpσq “
|γ˚p0, σ,Ad, ψ1q|
|Sσ|
for almost all σ P TemppUpW qq. In particular, for every σ P Π2pUpW qq we have the following
formula for its formal degree:
dpσq “
|γp0, σ,Ad, ψ1q|
|Sσ|
.
Proof: We proceed by induction on dimpW q, the case where dimpW q “ 0 being evident.
Assume now that dimpW q ě 1 and set n “ dimpW q ´ 1. Up to scaling the hermitian form
onW , we may assume thatW “ V 1 for some V P V . Let O Ă TemppUpW qq “ TemppUpV 1qq
be a connected component. Then, we claim:
(5.4.1) there exists a connected componentO0 Ă TemppUpV qq such thatO0 bO Ă TempHV pG
V q.
Indeed, since TempHV pG
V q is an union of connected components of TemppGV q it suffices to
find O0 such that O0 bOXTempHV pG
V q ‰ H. Let σ P O and fσ be a matrix coefficient
of σ whose restriction to UpV qpF q is nonzero. By [Beu1, (6.5.1)], this restriction is in the
Harish-Chandra Schwartz space of UpV qpF q and by the Harish-Chandra Plancherel formula
(which still holds for this kind of functions), we see that there exists σ0 P TemppUpV qq
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such that σ0pfσq ‰ 0. This readily implies that Jσ0bσ ‰ 0 so that σ0 b σ P TempHV pG
V q.
Therefore, the connected component of σ0 has the desired property.
Let O0 be as in 5.4.1. Then, by Theorem 5.4.3 we have
µ˚UpV qpσ0qµ
˚
UpV 1qpσq “ µ
˚
GV pσ0 b σq “
|γ˚p0, σ0,Ad, ψ
1q|
|Sσ0|
|γ˚p0, σ,Ad, ψ1q|
|Sσ|
for almost all pσ0, σq P O0ˆO. By the induction hypothesis, we also have µ˚UpV qpσ0q “
|γ˚p0,σ0,Ad,ψ1q|
|Sσ0 |
for almost all σ0 P O0 and moreover this term is almost everywhere nonzero.
Therefore
µ˚UpV 1qpσq “
|γ˚p0, σ,Ad, ψ1q|
|Sσ|
for almost all σ P O and sinceO was arbitrary the same holds for almost all σ P TemppUpW qq.

5.5 Local Jacquet-Rallis trace formulas
5.5.1 The unitary case
Let V P V and let f1, f2 P SpGV pF qq. Consider the following expression
Jpf1, f2q “
ż
HV pF q
ż
HV pF q
ż
GV pF q
f1ph1gh2qf2pgqdgdh2dh1
which is absolutely convergent by [Zha1, Lemma A.4]. By definition of the measure on
HV pF qzGVrspF q{H
V pF q and since the complement of GVrspF q in G
V pF q is of measure 0 we
have
Jpf1, f2q “
ż
HV pF qzGVrspF q{H
V pF q
Opδ, f1qOpδ, f2qdδ.(5.5.1)
On the other hand by [Beu1, Lemma 7.2.2 (v)], we also have
Jpf1, f2q “
ż
TempindpG
V q
Jπpf1qJπpf2qdµGV pπq.(5.5.2)
where we have extended the definition of Jπ to π P TempindpG
V q by linearity. Notice that
the above integral is absolutely convergent by 2.13.3 and Lemma 5.3.1. Combining 5.5.1 and
5.5.2 we get ż
HV pF qzGVrspF q{H
V pF q
Opδ, f1qOpδ, f2qdδ “
ż
TempindpG
V q
Jπpf1qJπpf2qdµGV pπq.(5.5.3)
84
5.5.2 The linear case
Let f1, f2 P SpG1pF qq. Consider the following expression
Ipf1, f2q “
ż
H1pF q
ż
H2pF q
ż
G1pF q
f1ph1gh2qf2pgqdgηph2qdh2dh1.
We claim
(5.5.4) The above expression is absolutely convergent and defines a continuous sesquilinear
form on SpG1pF qq.
Proof: For every d ą 0 the above integral is, up to continuous norms in f1 and f2, bounded
by ż
H1pF q
ż
H2pF q
ż
G1pF q
ΞG
1
ph1gh2qΞ
G1pgqσph1gh2q
´dσpgq´2ddgdh2dh1
hence by ż
H1pF q
ż
H2pF q
ż
G1pF q
ΞG
1
ph1gh2qΞ
G1pgqσpgq´ddgσph2q
´ddh2σph1q
ddh1.
Assuming (as we may) that the log-norm σ is K 1-bi-invariant this last expression equalsż
H1pF q
ż
H2pF q
ż
G1pF q
ż
K 1ˆK 1
ΞG
1
ph1k1gk2h2qdk2dk1Ξ
G1pgqσpgq´ddgσph2q
´ddh2σph1q
ddh1
and by the “doubling principle" ([Wald1, Lemme II.1.3], [Var, Proposition 16(iii) p.329]) we
have ż
K 1ˆK 1
ΞG
1
ph1k1gk2h2qdk2dk1 “ Ξ
G1ph1qΞ
G1pgqΞG
1
ph2q.
To conclude, it suffices to remark that for every d ą 0 the integralż
H1pF q
ΞG
1
ph1qσph1q
ddh1
is convergent by [Wald2, 4.1(3)] whereas for d ą 0 sufficiently large the two integralsż
G1pF q
ΞG
1
pgq2σpgq´ddg and
ż
H2pF q
ΞG
1
ph2qσph2q
´ddh2
are convergent by [Wald1, Lemme II.1.5] and [Var, Proposition 31 p.340] noting that ΞG
1
|H2
!
pΞH2q2σd
1
for some d1 ą 0. 
By 5.5.4, the definition of the measure on H1pF qzG1rspF q{H2pF q and the fact that the
complement of G1rspF q in G
1pF q is of measure 0 we have
Ipf1, f2q “
ż
H1pF qzG1rspF q{H2pF q
Oηpγ, f1qOηpγ, f2qdγ.(5.5.5)
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In order to get a “spectral" expression for Ipf1, f2q we will have to use Theorem 4.2.2 in a
slightly disguised form. There exists a unique V0 P V such that GV0 is quasi-split and we set
Gqs “ G
V0 . Let
BC : TemppGqsq{ stabÑ TemppG
1q
be the “tensor product" of the two base-change maps TemppUpV0qq{ stab Ñ TemppGnpEqq
and TemppUpV 10qq{ stabÑ TemppGn`1pEqq.
Proposition 5.5.1 For every f1, f2 P SpG
1pF qq we haveż
H2pF q
ż
G1pF q
f1pgh2qf2pgqdgηph2qdh2 “
ż
TemppGqsq{ stab
pf1, f2qX2,BCpπq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
where the right-hand side is absolutely convergent.
Proof: By Proposition 5.3.3 together with Lemma 2.12.1 and 2.7.4 we see that the right-
hand side is absolutely convergent and defines a continuous sesquilinear form on SpG1pF qq.
Obviously, so does the left-hand side and therefore it suffices to establish the proposition
when f1, f2 belong to the dense subspace SpGnpEqq b SpGn`1pEqq. Thus, we assume that
fk “ fk,n b fk,n`1 where fk,n P SpGnpEqq and fk,n`1 P SpGn`1pEqq for k “ 1, 2. Set
f 1k,lpgq “ fk,lpg
´1qη1lpg
´1q for k “ 1, 2 and l “ n, n ` 1 where η1l is the character of GlpEq
defined in Section 2.2 which extends ηl. Then, the left-hand side of the proposition can be
rewritten as ź
l“n,n`1
ż
Yl
ϕ11,lpxqϕ
1
2,lpxqdx(5.5.6)
where we have set ϕ1k,lpxq “
ż
GlpF q
f 1k,lphxqdh and Yl “ GlpF qzGlpEq for all k P t1, 2u,
l P tn, n ` 1u.
On the other hand, for Π “ Πn b Πn`1 P TemppG1q, if we denote by BpΠn, ψnq and
BpΠn`1, ψn`1q orthonormal basis of WpΠn, ψnq and WpΠn`1, ψn`1q as in Section 2.14, we
have (by definition and Proposition 5.3.3)
pf1, f2qX2,Π “
ź
l“n,n`1
ÿ
WPBpΠl,ψlq
βlpRpf
_
1,lqW qβlpRpf
_
2,lqW q
Since W PWpΠl, ψlq ÞÑW 1 :“ η1lW PWpΠlb η
1
l, ψlq is an isomorphism preserving the scalar
products and βlpRpf_k,lqW q “ βpRpf
1
k,lqW
1q for k “ 1, 2 and l “ n, n ` 1, we see that the
above expression equals ź
l“n,n`1
pf 11,l, f
1
2,lqYl,Πlbη1l
where p., .qYl,Πlbη1l , l “ n, n ` 1, are the positive semi-definite scalar products defined in
Section 4.2. Moreover, for π “ πn b πn`1 P TemppGqsq, we have
Sπ » Sπn ˆ Sπn`1
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γ˚p0, π,Ad, ψ1q “ γ˚p0, πn,Ad, ψ
1qγ˚p0, πn`1,Ad, ψ
1q
All in all, we conclude that the right-hand side of the proposition equalsź
l“n,n`1
ż
TemppUplqq{ stab
pϕ11,l, ϕ
1
2,lqYl,BClpπq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ(5.5.7)
where we recall that BClpπq “ BCpπq b η1l for l “ n, n ` 1. The equality of 5.5.6 and 5.5.7
now follows directly from Theorem 4.2.2. 
By Proposition 5.5.1, we have
Ipf1, f2q “
ż
H1pF q
ż
TemppGqsq{ stab
pLph1qf1, f2qX2,BCpπq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπdh1.(5.5.8)
We claim
(5.5.9) The above expression is absolutely convergent.
Indeed, by [CHH, Theorem 2] in the p-adic case, [Sun, Theorem 1.2] in the Archimedean
case, and since for every Π P TemppG1q the function g P G1pF q ÞÑ pLpgqf1, f2qX2,Π is a matrix
coefficient of Π_, there exist f 11, f
1
2 P SpG
1pF qq such that
|pLpgqf1, f2qX2,Π| ď ‖f
1
1‖X2,Π‖f
1
2‖X2,ΠΞ
G1pgq
for every Π P TemppG1q and g P G1pF q where we have set ‖f 1k‖X2,Π “ pf
1
k, f
1
kq
1{2
X2,Π
for k “ 1, 2.
By Proposition 5.5.1 and Cauchy-Schwartz inequality we see that the integralż
TemppGqsq{ stab
‖f 11‖X2,BCpπq‖f
1
2‖X2,BCpπq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
is convergent. Therefore, the expression 5.5.8 where we replace the integrand by its absolute
value is bounded up to a constant byż
H1pF q
ΞG
1
ph1qdh1.
This last expression is convergent by [Wald2, 4.1(3)] therefore proving 5.5.9.
By 5.5.9 and Proposition 5.3.3, we obtain
Ipf1, f2q “ |τ |
´npn´1q{2
E
ż
TemppGqsq{ stab
IBCpπqpf1qIBCpπqpf2q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
Combined with 5.5.5, this gives the identityż
H1pF qzG1rspF q{H2pF q
Oηpγ, f1qOηpγ, f2qdγ “(5.5.10)
|τ |
´npn´1q{2
E
ż
TemppGqsq{ stab
IBCpπqpf1qIBCpπqpf2q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
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5.6 Spectral expansions of certain unipotent relative orbital inte-
grals
5.6.1 The unitary case
Let V P V. For each f P SpGV pF qq we set
Op1, fq “
ż
HV pF q
fphqdh
By 2.13.3 and Lemma 5.3.1, we have
Op1, fq “
ż
TempindpG
V q
JπpfqdµGV pπq(5.6.1)
the integral being absolutely convergent. On the other hand, by definition of rf6, we have
Op1, fq “ rf6p0q
By Fourier inversion and the choice of the measure on uVrspF q{UpV qpF q this can be rewritten
as
Op1, fq “
ż
uV pF q
F rf6pXqdX “ ż
uVrspF q{UpV qpF q
OpX,F rf6qdX(5.6.2)
5.6.2 The linear case Lie algebra version
Set
ξ` “ p´1q
n
¨˚
˚˚˚˚
˚˝˚
0 τ´1 0 . . . 0
...
. . .
. . .
. . .
...
...
. . .
. . . 0
...
. . . τ´1
0 . . . . . . . . . 0
‹˛‹‹‹‹‹‹‚
P spF q, ξ´ “ τ
2tξ` “ p´1q
n
¨˚
˚˚˚˚
˚˝˚
0 . . . . . . . . . 0
τ
. . .
...
0
. . .
. . .
...
...
. . .
. . .
. . .
...
0 . . . 0 τ 0
‹˛‹‹‹‹‹‹‚
P spF q
Let ϕ P SpspF qq. For s P C we define
Ospξ`, ϕq “
ż
GnpF q
ϕphξ`h
´1q|det h|sηE{F phqdh
whenever the integral is convergent. Note that the formula defining ωpY q for Y P srspF q still
makes sense for ξ´ and that we have
ωpξ´q “ η
1pp´1qn´1τqnpn`1q{2(5.6.3)
The goal of this section is to show the following:
88
Proposition 5.6.1 For ℜpsq ą 1 ´ 1{n, Ospξ`, ϕq is defined by an absolutely convergent
expression. Moreover, the function s ÞÑ Ospξ`, ϕq admits a meromorphic continuation to C
with no pole at s “ 0 and setting Opξ`, ϕq “ O0pξ`, ϕq, we have
γωpξ´qOpξ`, ϕq “
ż
spF q
ωpY qpF ϕqpY qdY “
ż
srspF q{GnpF q
ωpY qOηpY,F ϕqdY
where
γ “
nź
k“1
γp1´ k, ηkE{F , ψ
1q
Remark 5.6.2 The factor γ is non-zero: this boils down to the fact that Lps, ηkE{F q has no
pole at s “ 1 ´ k for every 1 ď k ď n. This last fact is easy to check in the p-adic case
whereas in the Archimedean case it follows from the fact that Lps, ηkE{F q has the same poles
as Γp s`1
2
q if k is odd, Γp s
2
q if k is even.
For the proof of Proposition 5.6.1 we need some preparations. Let NS be the image
of RE{FNn`1,E by ν and nS “ sXRE{F nn`1,E be its tangent space at the origin. Then, ν
induces isomorphisms NSpF q » Nn`1pEq{Nn`1pF q and nSpF q » nn`1pEq{ nn`1pF q and we
equip NSpF q, nSpF q with the quotient measures. Set
I1pϕ, sq “ |τ |
dimpNSq{2
E
ż
GnpF q{NnpF q
ż
nSpF q
ϕphY h´1qψ1pxξ´, Y yqdY |det h|
sηE{F phqdh
for every s P C for which this expression makes sense. First we show:
Lemma 5.6.3 The expression defining Ospξ`, ϕq converges absolutely for ℜpsq ą 1 ´ 1{n
and the expression defining I1pϕ, sq converges as an iterated integral for ℜpsq ă 1. Moreover,
Ospξ`, ϕq and I
1pϕ, sq are holomorphic functions in their region of convergence and in the
range 1´ 1{n ă ℜpsq ă 1 we have
I1pϕ, sq “
nź
k“1
γpks´ pk ´ 1q, ηkE{F , ψ
1qOspξ`, ϕq
Recall that N 1n`1 denotes the derived subgroup of Nn`1. Let N
1
S be the image of
RE{FN
1
n`1,E by ν and n
1
S be its tangent space at the origin. As before, ν induces an iso-
morphism n1SpF q » n
1
n`1pEq{ n
1
n`1pF q and we equip this space with the quotient of the Haar
measures we fixed on n1n`1pEq and n
1
n`1pF q (see Section 2.5). As an intermediate step for
the proof of Lemma 5.6.3 we need the following lemma:
Lemma 5.6.4 For every f P SpnSpF qq, we haveż
NnpF q
fphξ`h
´1qdh “ |τ |
dimpN 1Sq{2
E
ż
n1
S
pF q
fpξ` ` Y qdY
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Proof: The isomorphism nn`1pF q » nSpF q, Y ÞÑ p´1qnτ´1Y , sends ξ1` “ p´1q
nτξ` to ξ` and
the Haar measure on n1n`1pF q to |τ |
dimpN 1Sq{2
E times the Haar measure on n
1
SpF q. Therefore,
it suffices to show that
NnpF q Ñ ξ
1
` ` n
1
n`1pF q
h ÞÑ hξ1`h
´1
is an isomorphism preserving measures. Given the definition of the Haar measures on NnpF q
and n1n`1pF q, it even suffices to show that
ιn : Nn Ñ ξ
1
` ` n
1
n`1
h ÞÑ hξ1`h
´1
is an isomorphism over Z. This last statement is easy to show by induction on n, noting
that
ιnpvuq “
¨˚
˚˚˚˚
˝
vιn´1puqv
´1
v1,n
...
vn´1,n
1
0 . . . 0 0
‹˛‹‹‹‹‚
for every pu, vq P Nn´1 ˆ Un. 
Proof(of Lemma 5.6.3): By Lemma 5.6.4 and the Iwasawa decompositionGnpF q “ KnAnpF qNnpF q,
provided everything is absolutely convergent, we have
|τ |
´ dimpN 1Sq{2
E Ospξ`, ϕq “
ż
GnpF q{NnpF q
ż
n1
S
pF q
ϕphpξ` ` Y qh
´1qdY |det h|sηE{F phqdh
(5.6.4)
“
ż
Kn
ż
AnpF q
ż
n1
S
pF q
ϕpkapξ` ` Y qa
´1k´1qdY |det a|sηE{F paqδnpaqdaηE{F pkqdk
“
ż
Kn
ż
AnpF q
ż
n1
S
pF q
ϕpkpaξ`a
´1 ` Y qk´1qdY |det a|sηE{F paqδnpaqδn1
S
paq´1daηE{F pkqdk
for every s P C where we have set δn1
S
paq “ |detpAdpaq|n1
S
q|. Set
fϕpx1, . . . , xnq :“
ż
Kn
ż
n1
S
pF q
ϕpkpξ`px1, . . . , xnq ` Y qk
´1qdY ηE{F pkqdk
for every px1, . . . , xnq P F n where by definition
ξ`px1, . . . , xnq :“ p´1q
n
¨˚
˚˚˚˚
˚˝˚
0 x1τ
´1 0 . . . 0
...
. . .
. . .
. . .
...
...
. . .
. . . 0
...
. . . xnτ
´1
0 . . . . . . . . . 0
‹˛‹‹‹‹‹‹‚
.
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Then fϕ is a Schwartz function on F n and by 5.6.4 we have (provided everything converges)
|τ |
´dimpN 1Sq{2
E Ospξ`, ϕq “
ż
AnpF q
fϕpa1{a2, . . . , an´1{an, anq|det a|
sηE{F paqδnpaqδn1
S
paq´1da.
A direct and painless computation shows that δnpaqδn1
S
paq´1 “ |a2 . . . an|
´1 and therefore the
above expression is equal toż
pFˆqn
fϕpa1{a2, . . . , an´1{an, anqηE{F pa1 . . . anq|a1|
s|a2 . . . an|
s´1dˆa1 . . . d
ˆan.
By the change of variables a1 ÞÑ a1a2, . . . , an´1 ÞÑ an´1an this can further be rewritten
|τ |
´dimpN 1Sq{2
E Ospξ`, ϕq “
ż
pFˆqn
fϕpa1, . . . , anq
nź
k“1
ηE{F pakq
k|ak|
ks´pk´1qdˆa1 . . . d
ˆan(5.6.5)
which is clearly a convergent integral when ℜpsq ą 1 ´ 1{n showing the convergence of
Ospξ`, ϕq in this range (indeed, as we easily see by the same computations where we replace
the integrand by its absolute value).
By similar manipulations, and noticing that the isomorphism F n » nSpF q{ n1SpF q, px1, . . . , xnq ÞÑ
ξ`px1, . . . , xnq, sends the Haar measure on F n to |τ |
pdimpNSq´dimpN
1
S
qq{2
E times the Haar measure
on nSpF q{ n1SpF q, we have
|τ |
´dimpN 1
S
q{2
E I
1pϕ, sq “
ż
AnpF q
ż
Fn
fϕpx1, . . . , xnqψ
1p
a2
a1
x1 ` . . .`
an
an´1
xn´1 ` a
´1
n xnqdx1 . . . dxn
δn`1paq
´1δnpaq|det a|
sηE{F paqda
“
ż
pFˆqn
pfϕpa2
a1
, . . . ,
an
an´1
, a´1n q|a1 . . . an|
s´1ηE{F pa1 . . . anqd
ˆa1 . . . d
ˆan
where we recall that f P SpF nq ÞÑ pfϕ P SpF nq denotes the Fourier transform for ψ1 and the
corresponding autodual measure. By the same change of variables as before, this becomes
|τ |
´dimpN 1Sq{2
E I
1pϕ, sq “
ż
pFˆqn
pfϕpa´11 , . . . , a´1n q nź
k“1
ηE{F pakq
k|ak|
ks´kdˆa1 . . . d
ˆan(5.6.6)
“
ż
pFˆqn
pfϕpa1, . . . , anq nź
k“1
ηE{F pakq
k|ak|
k´ksdˆa1 . . . d
ˆan.
This shows that when ℜpsq ă 1, I1pϕ, sq is defined by a convergent expression. Moreover
the identity of the lemma follows from 5.6.5, 5.6.6 and Tate’s thesis. 
Proof of Proposition 5.6.1: By Lemma 5.6.3 and Remark 5.6.2, we already know that s ÞÑ
Ospξ`, ϕq has meromorphic continuation to C with no pole at s “ 0 and that
|τ |
´dimpNSq{2
E γOpξ`, ϕq “
ż
GnpF q{NnpF q
ż
nSpF q
ϕphY h´1qψ1pxξ´, Y yqdY ηE{F phqdh.(5.6.7)
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Let BS be the image of RE{FBn`1 by ν, bS its tangent space at the origin. We equip as before
bSpF q with the transfer of the quotient measure on bn`1pEq{ bn`1pF q through ν. Then, by
Fourier inversion we haveż
nSpF q
fpY qψ1pxξ´, Y yqdY “
ż
bSpF q
F fpξ´ ` Y qdY
for every f P SpspF qq. Together with 5.6.7, this gives
|τ |
´dimpNSq{2
E γOpξ`, ϕq “
ż
GnpF q{NnpF q
ż
bSpF q
F ϕphpξ´ ` Y qh
´1qdY ηE{F phqdh.
Noticing that ωphpξ´ ` Y qh´1q “ ηE{F phqωpξ´q for every h P GnpF q and Y P bSpF q, the
above can be rewritten as
|τ |
´ dimpNSq{2
E γωpξ´qOpξ`, ϕq “
ż
GnpF q{NnpF q
ż
bSpF q
F ϕphpξ´ ` Y qh
´1qωphpξ´ ` Y qh
´1qdY dh.
Therefore, the proposition would follow if we can show:
(5.6.8) For every f P L1pspF qq, we have the integration formulaż
spF q
fpY qdY “ |τ |
dimpNSq{2
E
ż
GnpF q{NnpF q
ż
bSpF q
fphpξ´ ` Y qh
´1qdY dh.
As in the proof of Lemma 5.6.4, we are easily reduced to the same statement with s and
bS replaced by gln`1 and bn`1, ξ´ replaced by ξ
1
´ “ p´1q
nτ´1ξ´ and without the factor
|τ |
dimpNSq{2
E . Then, given the definition of our Haar measures, it suffices to show that the
morphism
Gn ˆ
Nn pξ1´ ` bn`1q Ñ gln`1
ph, Y q ÞÑ hY h´1
is an open immersion over Z where we have denoted by Gn ˆNn pξ1´ ` bn`1q the quotient of
Gn ˆ pξ
1
´ ` bn`1q by the free Nn-action given by ph, Y q ¨ u “ phu, u
´1Y uq. Set
glrn`1 “ tY P gln`1 | detpen`1, en`1Y, . . . , en`1Y
nq ‰ 0u
Then glrn`1 is an open subscheme of gln`1 and clearly the above morphism factorizes through
it. We claim that the induced map
Gn ˆ
Nn pξ1´ ` bn`1q Ñ gl
r
n`1
is an isomorphism. Indeed, it suffices to show that for every commutative ring R the map
GnpRqˆ
NnpRq pξ1´`bn`1pRqq Ñ gl
r
n`1pRq is a bijection. This in turn amounts to establishing
the two following facts:
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• For every Y P glrn`1pRq, there exists h P GnpRq such that h
´1Y h P ξ1´ ` bn`1pRq
i.e. such that en`1Y kh P en`1´k ` xen`2´k, . . . , en`1yR for every 1 ď k ď n (here we
have denoted by pe1, . . . , en`1q the standard basis of Rn`1 and xSyR stands for the
R-submodule generated by S);
• For every Y P ξ1´ ` bn`1pRq and h P GnpRq, if hY h
´1 P ξ1´ ` bn`1pRq then h P NnpRq.
For the first point, denoting by x the image of x P Rn`1 in Rn “ Rn`1{Ren`1, it suffices to
choose for h the unique element of GnpRq sending the basis pen`1Y , . . . , en`1Y nq of Rn to
the basis pen, . . . , e1q. The second point follows by noticing that if hY h´1 P ξ1´ ` bn`1pRq
then h preserves the submodule Vk “ xen`1´k, . . . , en`1yR and acts trivially on the quotient
Vk{Vk´1 for every 1 ď k ď n and this readily implies that h P NnpRq. 
5.6.3 The linear case group version
Let f P SpG1pF qq. We set
O`pfq “ Opξ`, rf6q.
We also recall that by the general construction of Section 2.14, we associate to f a function
Wf P C
wpN 1pF qzG1pF q ˆN 1pF qzG1pF q, ψ´1N 1 b ψN 1q.
Lemma 5.6.5 We have the equality
γO`pfq “ |τ |
dimpNSq{2
E
ż
N1pF qzH1pF q
ż
N2pF qzH2pF q
Wf ph1, h2qηph2qdh2dh1
where γ is the same constant as in Proposition 5.6.1 and the right-hand side is absolutely
convergent.
Proof: That the right hand side is absolutely convergent follows from Lemma 2.15.1 and
Lemma 5.3.2. Unfolding the definitions, we haveż
N1pF qzH1pF q
ż
N2pF qzH2pF q
Wf ph1, h2qηph2qdh2dh1 “ż
NnpF qzGnpF q
ż
Nn`1pF qzGn`1pF q
ż
NnpEqzGnpEq
ż
NnpEqˆNn`1pEq
fpg´1n unhn, g
´1
n un`1hn`1q
ψnpunq
´1ψn`1pun`1q
´1dundun`1dgnηn`1phn`1qdhn`1ηnphnqdhn
By the change of variable un`1 ÞÑ unun`1 and merging the integrals over NnpEqzGnpEq and
NnpEq this becomesż
NnpF qzGnpF q
ż
Nn`1pF qzGn`1pF q
ż
GnpEq
ż
Nn`1pEq
fpgnhn, gnuhn`1qψn`1puq
´1du
dgnηn`1phn`1qdhn`1ηnphnqdhn
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Note that the triple inner integral is absolutely convergent (this follows from the fact that
H1 ˆ RE{FNn`1 ˆ
Nn`1 Gn`1 Ñ G
1, ph1, u, hn`1q ÞÑ h1p1, uhn`1q, is a closed embedding).
Therefore, by breaking the integral over Nn`1pEq into one over Nn`1pF q followed by one over
Nn`1pEq{Nn`1pF q and the change of variable gn ÞÑ gnh´1n we see that the above expression
equalsż
NnpF qzGnpF q
ż
Nn`1pEq{Nn`1pF q
ż
GnpEqˆGn`1pF q
fpgn, gnh
´1
n uhn`1qη
1
n`1ph
´1
n uhn`1qdhn`1
dgnψn`1puq
´1duηE{F phnqdhn
By definition of rf and of the Haar measure on NSpF q, this last expression can be rewritten
as ż
GnpF q{NnpF q
ż
NSpF q
rfphvh´1qψSpvq´1dvηE{F phqdh
where we have denoted by ψS the (unique) factorization of ψn`1 through ν : Nn`1pEq Ñ
NSpF q. Finally, noting that the Cayley map c induces a GnpF q-equivariant isomorphism
between nSpF q and NSpF q preserving measures and sending the character Y ÞÑ ψ1pxξ´, Y yq
to ψ´1S , we obtain thatż
N1pF qzH1pF q
ż
N2pF qzH2pF q
Wf ph1, h2qηph2qdh2dh1 “ż
GnpF q{NnpF q
ż
nSpF q
rf6phY h´1qψ1pxξ´, Y yqdY ηE{F phqdh
The lemma now follows readily from Lemma 5.6.3. 
Recall that Gqs stands for the unique quasi-split group of the form GV0 where V0 P V.
Proposition 5.6.6 We have
γO`pfq “ |τ |
´npn´1q{4
E
ż
TemppGqsq{ stab
IBCpπqpfq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
where the right-hand side is absolutely convergent.
Proof: That the right-hand side is absolutely convergent and defines a continuous linear form
on SpG1pF qq follows from Proposition 5.3.3 together with Lemma 2.12.1 and 2.7.4. On the
other hand, by Lemma 5.6.5, Lemma 5.3.2 and Lemma 2.15.1 the left hand side also defines a
continuous linear form on SpG1pF qq. Therefore, it suffices to establish the proposition when
f “ fn b fn`1 where fk P SpGkpEqq for k “ n, n ` 1. Then, by Corollary 3.5.1 applied to
the functions f 1k “ fkη
1
k and Theorem 4.2.2, we readily see that (see the proof of Proposition
5.5.1 for a similar argument)ż
N2pF qzH2pF q
Wf pg, h2qηph2qdh2
“ |τ |
npn´1q
4
`npn`1q
4
E
ż
TemppGqsq{ stab
β 1pWf,BCpπqpg, .qq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
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for every g P G1pF q. From this, Lemma 5.6.5, Proposition 2.14.2 and Lemma 5.3.2, it follows
that
γO`pfq “ |τ |
npn´1q
4
`npn`1q
4
`
dimpNSq
2
E
ż
N1pF qzH1pF q
ż
TemppGqsq{ stab
β 1pWf,BCpπqph2, .qq
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπdh1
“ |τ |
npn´1q
4
`npn`1q
4
`
dimpNSq
2
E
ż
TemppGqsq{ stab
pλpbβ 1qpWf,BCpπqq |γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
Moreover, by definition of IΠpfq and 2.14.3, we have
pλpbβ 1qpWf,Πq “ |τ |´npn´1q2 ´npn`1q2E IΠpfq
for every Π P TemppG1q and the identity of the proposition follows since
npn ´ 1q
4
`
npn ` 1q
4
`
dimpNSq
2
´
npn ´ 1q
2
´
npn ` 1q
2
“ ´
npn´ 1q
4
.

5.7 Proof of Theorems 5.4.1 and 5.4.3
5.7.1 Weak comparison of relative characters
We recall the following result from [Beu2, Proposition 4.2.1].
Proposition 5.7.1 For every V P V and every π P TempHV pG
V q, there exists κpπq P Cˆ
such that
Jπpf
V q “ κpπqIBCpπqpf
1q
for all matching functions f “ pfV qV P SpGpF qq and f
1 P SpG1pF qq. Moreover, the function
π P TempHV pG
V q ÞÑ κpπq is continuous.
Here we remark that in loc. cit. only the p-adic case was considered. However, the proof
extends readily to the Archimedean case the main points being that the globalization result
[Beu2, Proposition 3.6.1] (which was borrowed from [ILM]) still holds for Archimedean places.
Looking closer into the proof we see that everything works equally well in the Archimedean
situation except that the proof of [Beu2, Lemma 3.6.2] has to be slightly modified. Indeed,
rather than appealing to Mœglin-Tadic’s classification of discrete series for classical p-adic
groups, we should use the description by Harish-Chandra of discrete series for real reductive
groups (and in particular of their infinitesimal character). Except from this modification„
the proof of [Beu2, Proposition 3.6.1] also works for Archimedean places.
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5.7.2 Two comparisons
Let f1, f2 P SpGpF qq and f 11, f
1
2 P SpG
1pF qq such that fk and f 1k match for k “ 1, 2. Since
the transfer factors have absolute value 1, by Lemma 5.1.1 we haveÿ
V PV
ż
HV pF qzGVrspF q{H
V pF q
Opδ, fV1 qOpδ, f
V
2 qdδ “
ż
H1pF qzG1rspF q{H2pF q
Oηpγ, f
1
1qOηpγ, f
1
2qdγ
By 5.5.3 and 5.5.10, this givesÿ
V PV
ż
TempindpG
V q
Jπpf
V
1 qJπpf
V
2 qdµGV pπq “
|τ |
´npn´1q{2
E
ż
TemppGqsq{ stab
IBCpπqpf
1
1qIBCpπqpf
1
2q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
Using Proposition 5.7.1 and 2.10.1, this can be rewritten
ż
TemppGqsq{ stab
¨˚
˚˝ÿ
V PV
ÿ
π1„stabπ
π1PTemp
HV
pGV q
|κpπ1q|2µ˚GV pπ
1q
‹˛‹‚IBCpπqpf 11qIBCpπqpf 12qdπ “(5.7.1)
|τ |
´npn´1q{2
E
ż
TemppGqsq{ stab
IBCpπqpf
1
1qIBCpπqpf
1
2q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
where π1 „stab π means that π1 and π share the same Langlands parameter. We remark that
both sides of the above identity are absolutely convergent by 5.5.9 and the convergence of
5.5.2.
Now, let f P SpGpF qq and f 1 P SpG1pF qq be matching functions. By 5.2.1 and Theorem
5.2.2, the functions pǫV F ĂfV6 qV and F rf 16 match where we have set
ǫV “ ηE{F p´1q
npn`1q{2λE{F pψ
1qnpn`1q{2ηE{F pdiscV q
n, V P V .(5.7.2)
Therefore, by Lemma 5.1.2, we haveÿ
V PV
ǫV
ż
uVrspF q{UpV qpF q
OpX,F ĂfV6 qdX “ ż
srspF q{GnpF q
ωpY qOηpY,F rf 16qdY
By 5.6.2 and Proposition 5.6.1, this impliesÿ
V PV
ǫVOp1, f
V q “ γωpξ´qOpξ`, rf 16q “ γωpξ´qO`pf 1q
Then, by 5.6.1 and Proposition 5.6.6, this givesÿ
V PV
ǫV
ż
TempindpG
V q
Jπpf
V qdµGV pπq “ ωpξ´q|τ |
´npn´1q{4
E
ż
TemppGqsq{ stab
IBCpπqpf
1q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
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Finally, using Proposition 5.7.1 and 2.10.1, this can be rewritten
ż
TemppGqsq{ stab
¨˚
˚˝ÿ
V PV
ǫV
ÿ
π1„stabπ
π1PTemp
HV
pGV q
κpπ1qµ˚GV pπ
1q
‹˛‹‚IBCpπqpf 1qdπ “(5.7.3)
ωpξ´q|τ |
´npn´1q{4
E
ż
TemppGqsq{ stab
IBCpπqpf
1q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
dπ
Notice that both sides of the above identity are absolutely convergent by Proposition 5.6.6
and the convergence of 5.6.1.
5.7.3 How to separate each spectral contribution
In order to finish the proofs of Theorems 5.4.1 and 5.4.3, we need to separate each spectral
contribution in 5.7.1 and 5.7.3 (i.e. to deduce from these identities similar equalities for each
π P TemppGqsq{ stab). As usual, the argument ultimately rests upon the Stone-Weierstrass
theorem by using some multipliers algebra. It is actually quite standard in the p-adic case
(see e.g. [SV, Proof of Proposition 6.1.1]) but is slightly more subtle in the Archimedean
case since using the center of the enveloping algebra as a substitute for the Bernstein center
is not enough. Therefore, we explain carefully the proof here.
Consider the following general situation: G is a connected reductive group over F , µ is
a Borel measure on the set IrrunitpGq of unitary (or rather unitarizable) irreducible repre-
sentations of GpF q (equipped with the Fell topology) and we are given for µ-almost every
Π P IrrunitpGq a continuous linear form LΠ : SpGpF qq Ñ C which factorizes through the map
f ÞÑ Π_pfq. In the applications we have in mind, we will take G “ G1, for µ the pushforward
of the measure |γ
˚p0,π,Ad,ψ1q|
|Sπ|
dπ to TemppGqsq{ stab by BC and for LΠ a certain multiple of
IΠ. We assume moreover that the following holds:
• For every f P SpGpF qq, the function Π P IrrunitpGq ÞÑ LΠpfq is µ-integrable and we
have ż
IrrunitpGq
LΠpfqµpΠq “ 0.
Lemma 5.7.2 Under the above assumptions, we have LΠ “ 0 for µ-almost all Π P IrrunitpGq.
Proof:(the proof is inspired from [SV, Proof of Proposition 6.1.1]) Since SpGpF qq is separable
(it is even of countable dimension in the p-adic case), up to multiplying µ by
Π ÞÑ
ÿ
n
|LΠpfnq|
n2‖Lpfnq‖L1pµq
where pfnqně1 is a dense sequence in SpGpF qq, ‖Lpfq‖L1pµq :“
ş
IrrunitpGq
|LΠpfq|µpΠq and
dividing the family Π ÞÑ LΠ by the same function, we may assume that µ is finite. Let ZpGq
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denote the Bernstein center in the p-adic case or the center of the enveloping algebra Upgq
in the Archimedean case. Then, we have a continuous map with finite fibers
p : IrrunitpGq Ñ{ZpGq
which associates to Π its “infinitesimal character" χΠ. Let X be the image of this map and
µ be the push-forward of µ to X. Then, by the disintegration of measures, there exists a
measurable family χ P X ÞÑ µχ of finite measures on IrrunitpGq such that for µ-almost every
χ P X, µχ is supported on the finite set p´1pχq and moreoverż
IrrunitpGq
fpΠqµpΠq “
ż
X
ÿ
ΠPp´1pχq
fpΠqµχpΠqµpχq
for every µ-integrable function f . By the hypothesis, we therefore haveż
X
ÿ
ΠPp´1pχq
LΠpfqµχpΠqµpχq “ 0(5.7.4)
for every f P SpGpF qq. Let K Ă GpF q be a maximal compact subgroup and HpGpF qq Ă
SpGpF qq be the corresponding “Hecke algebra" of GpF q, that is the space of smooth com-
pactly supported and bi-K-finite functions on GpF q (of course in the p-adic case we simply
have HpGpF qq “ SpGpF qq). We will now use the existence of a suitable “algebra of multi-
pliers" MpGq on HpGpF qq i.e. an algebra of endomorphisms z of HpGpF qq for which there
exists a function on{ZpGq (to be denoted by the same letter) such that Π_pzfq “ zpχΠqΠ_pfq
for every Π P IrrpGq and f P HpGpF qq. Assuming the existence of such a multiplier algebra,
by applying 5.7.4 to zf (and by the hypothesis made on LΠ) we getż
X
zpχq
ÿ
ΠPp´1pχq
LΠpfqµχpΠqµpχq “ 0(5.7.5)
for every f P HpGpF qq and z P MpGq. For each finite set S P pK, let XS be the set of
infinitesimal characters of representations Π P IrrunitpGq which are generated by their ρ-
isotypic component for some ρ P S. Assume that the following holds: for every z P MpGq
and S Ă pK, the function χ P XS ÞÑ zpχq converges to zero at infinity and the algebra
of functions tz|XS | z P MpGqu is stable by complex conjugation, separates points and
does not vanish identically anywhere. Then, by the Stone-Weierstrass theorem applied to
the one-point compactification of XS, this algebra is dense in the Banach space C0pXSq of
continuous functions on XS tending to zero at infinity. Since for each f P HpGpF qq the
function χ ÞÑ
ř
ΠPp´1pχq LΠpfqµχpΠq is supported on XS for some S (again by the hypothesis
made on LΠ), this together with 5.7.5 implies that for every f P HpGpF qqÿ
ΠPp´1pχq
LΠpfqµχpΠq “ 0
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for µ-almost every χ P X. As HpGpF qq contains a sequence which is dense in SpGpF qq, by
continuity of the linear forms LΠ, the above equality actually holds for µ-almost every χ P X
and every f P SpGpF qq. Since the map
SpGpF qq Ñ
à
ΠPp´1pχq
End8pΠ
_q, f ÞÑ pΠ_pfqqΠ
is surjective (indeed, the image is a closed and GpF qˆGpF q-invariant subspaces, the GpF qˆ
GpF q-representations End8pΠ_q are irreducible and pairwise non-equivalent and for each Π
the map f P SpGpF qq ÞÑ Π_pfq P End8pΠ_q is surjective), by the hypothesis made on linear
forms LΠ this implies µχpΠqLΠ “ 0 for µ-almost every χ P X and every Π P p´1pχq i.e.
LΠ “ 0 for µ-almost every Π P IrrunitpGq.
Thus, it only remains to show the existence of an algebra of multipliers satisfying the
required assumption. Notice that if f ÞÑ zf is a multiplier then so is f ÞÑ z˚f :“ pzf˚q˚
(where we recall that f˚pgq “ fpg´1q) and that z˚pχΠq “ zpχΠq whenever Π is a unitary
representation. Therefore, we only need to find an algebra of multipliers tending to 0 at
infinity on XS for every S Ă pK and separating points (including infinity). In the p-adic case,
we just take MpGq “ ZpGq the Bernstein center. Clearly, it separates points and does not
vanish identically anywhere on{ZpGq. Since for each S Ă pK, XS is compact ([Tad, Theorem
2.5]) this algebra has all the desired properties. In the Archimedean case, we will use a
certain subalgebra of Arthur’s algebra of multipliers ([Art2], [Del]). To be more precise,
we need to introduce more notation. Let T Ă G be a maximal torus. Harish-Chandra’s
isomorphism gives an identification
{ZpGq “ tpCq˚{W
where W “ W pGC, TCq. Let tR Ă tpCq be the R-points of the split form of t. Then W
preserves tR and fixing a Haar measure on tR we define a Fourier transform ϕ P C8c ptRq
W ÞÑpϕ P CptpCq˚{W q by pϕpλq “ ż
tR
ϕpXqeλpXqdX.
By [Art2, Theorem 4.2], [Del, Theorem 3] there exists an algebra of multipliers MpGq
whose associated set of functions on {ZpGq is precisely {C8c ptRqW . This algebra has all the
desired properties the only non-trivial point being that z tends to 0 at infinity on XS for
any z P MpGq and S Ă pK but this follows from the fact that XS has compact image in
it˚RztpCq
˚{W (see [BW, Theorem 5.2] and [Wall, Corollary 7.7.3]) and usual properties of the
Fourier transform. 
5.7.4 End of the proof
First we show that 5.7.1 holds for every f 11, f
1
2 P SpG
1pF qq, both sides being absolutely
convergent. In the p-adic case, this already follows from the computations of §5.7.2 since
every function in SpG1pF qq a admits a transfer to SpGpF qq (Theorem 5.2.1 (i)). In the
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Archimedean case, by Theorem 5.2.1 (ii), we know at least that it holds for f 11, f
1
2 in a
certain dense subspace SpG1pF qqtrans of SpG1pF qq. Therefore, it suffices to show that both
side of 5.7.1 are absolutely convergent for every f 11, f
1
2 P SpG
1pF qq and that they define
continuous sesquilinear forms on SpG1pF qq. For the right-hand side, this follows readily from
Proposition 5.3.3 together with Lemma 2.12.1 and 2.7.4. By Cauchy-Schwartz inequality, it
then suffices to prove that the left-hand side is always less or equal to the right-hand side
whenever f 11 “ f
1
2. That it is indeed the case is a consequence of Fatou’s lemma together
with the fact that the linear forms IΠ, Π P TemppG1q, are continuous.
Thus, we can now apply Lemma 5.7.2 to 5.7.1, giving us the identity¨˚
˚˝ÿ
V PV
ÿ
π1„stabπ
π1PTemp
HV
pGV q
|κpπ1q|2µ˚GV pπ
1q
‹˛‹‚IBCpπqpf 11qIBCpπqpf 12q “
|τ |
´npn´1q{2
E IBCpπqpf
1
1qIBCpπqpf
1
2q
|γ˚p0, π,Ad, ψ1q|
|Sπ|
for almost every π P TemppGqsq{ stab and every f 11, f
1
2 P SpG
1pF qq. By the local Gan-Gross-
Prasad conjecture ([Beu1, Theorem 12.4.1]), for every π P TemppGqsq{ stab there exists
exactly one V P V and one representation π1 P TempHV pG
V q such that π1 „stab π. Therefore,
as the linear form IBCpπq is non-zero (this can for example be deduced from Proposition 5.7.1
since Jπ ‰ 0ô π P TempHV pG
V q), the above identity can be rewritten
|κpπq|2µ˚GV pπq “ |τ |
´npn´1q{2
E
|γ˚p0, π,Ad, ψ1q|
|Sπ|
(5.7.6)
for almost every π P
ğ
V PV
TempHV pG
V q. As a first consequence, multiplying both sides by
µ˚
GV
pπq and using 2.13.2 together with Lemma 2.12.1, we see that in the Archimedean case
there exists k ą 0 such that
|κpπq|µ˚GV pπq ! Npπq
k(5.7.7)
for almost every π P
ğ
V PV
TempHV pG
V q.
We now show that 5.7.3 holds for every f 1 P SpG1pF qq. Once again, in the p-adic case
there is nothing to say and in the Archimedean case it suffices to show that both sides
are absolutely convergent and define continuous linear forms on SpG1pF qq. But this follows
readily from Proposition 5.3.3 together with 5.7.7 (for the left-hand side), Lemma 2.12.1 (for
the right-hand side) and 2.7.4.
Thus, we can apply Lemma 5.7.2 to 5.7.3 and using the non-vanishing of IBCpπq this givesÿ
V PV
ǫV
ÿ
π1„stabπ
π1PTemp
HV
pGV q
κpπ1qµ˚GV pπ
1q “ ωpξ´q|τ |
´npn´1q{4
E
|γ˚p0, π,Ad, ψ1q|
|Sπ|
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for almost every π P TemppGqsq{ stab. Applying again the local Gan-Gross-Prasad conjec-
ture, this can be rewritten as
ǫV κpπqµ
˚
GV pπq “ ωpξ´q|τ |
´npn´1q{4
E
|γ˚p0, π,Ad, ψ1q|
|Sπ|
(5.7.8)
for every V P V and almost every π P TempHV pG
V q.
Squaring the module of 5.7.8 and dividing it by 5.7.6, we obtain (as µ˚
GV
pπq ě 0 for every
π)
µ˚GV pπq “
|γ˚p0, π,Ad, ψ1q|
|Sπ|
for every V P V and almost every π P TempHV pG
V q thus proving Theorem 5.4.3. Moreover,
dividing 5.7.8 by the above identity gives
ǫV κpπq “ ωpξ´q|τ |
´npn´1q{4
E
By 5.6.3 and 5.7.2 we easily check that κV “ ǫV ωpξ´q´1|τ |
npn´1q{4
E (where κV is the constant
defined in the statement of Theorem 5.4.1) and therefore we have
κpπq “ κ´1V
for every V P V and almost every π P TempHV pG
V q. By continuity of π ÞÑ κpπq (Proposition
5.7.1) this last equality is true for every π P TempHV pG
V q and this proves Theorem 5.4.1.
A Proof of Proposition 2.13.1
First, we recall the following elementary lemma (see [CHH, Proposition]).
Lemma A.0.1 (Sobolev lemma for compact groups) Let H be a Hilbert space, K a
compact group and CpK,Hq the space of continuous functions from K to H. We consider
CpK,Hq as a representation of K through the right regular action and for ρ P pK we denote
by CpK,Hqrρs the ρ-isotypic component. Then, for every ρ P pK and ϕ P CpK,Hqrρs we
have
sup
kPK
‖ϕpkq‖ ď dimpρq
ˆż
K
‖ϕpkq‖2dk
˙1{2
.
Now we proceed to the proof of Proposition 2.13.1.
That fπ P C
wpGpF qq for every π P TempindpGq follows from 2.6.1. Moreover, if we can
show that π ÞÑ fπ belongs to SpTempindpGq, C
wpGpF qqq for every f P SpGpF qq then the
linear map
f P SpGpF qq ÞÑ pπ ÞÑ fπq P SpTempindpGq, C
wpGpF qqq
would automatically be continuous by the closed graph theorem since for all π P TempindpGq
and g P GpF q the linear form f P SpGpF qq ÞÑ fπpgq is continuous. Thus it only remains to
show that pπ ÞÑ fπq P SpTempindpGq, C
wpGpF qqq for every f P SpGpF qq.
Let f P SpGpF qq. The function π P TempindpGq ÞÑ fπ P C
wpGpF qq is smooth by [Beu1,
Lemma 2.3.1(ii)] together with [Art1, §3] in the Archimedean case and [Wald1, Proposition
VII.1.3] in the p-adic case. Moreover, in the p-adic case the function π ÞÑ fπ is compactly
supported by [Wald1, Théorème VIII.1.2]. Therefore, we only need to check that π ÞÑ fπ
satisfies the condition of Lemma 2.9.1. We will concentrate on the Archimedean case, the
p-adic case being actually simpler. In this case, we will show the following: for every Levi
subgroup M of G, D P Sym‚pA˚M,Cq, u, v P Upgq and k ě 1 we have
Npπqk |Dpλ ÞÑ pRpuqLpvqfπλqpgqqλ“0| ! Ξ
GpgqσpgqdegpDq(A.0.1)
for all τ P Π2pMq and g P GpF q where we have set πλ “ iGMpτλq and π “ π0 for λ P iA
˚
M .
As RpuqLpvqfπ “ pRpuqLpvqfqπ, up to replacing f by RpuqLpvqf we only need to es-
tablish A.0.1 when u “ v “ 1. Assume proved the slightly weaker inequality (for any
D P Sym‚pA˚M,Cq)
|Dpλ ÞÑ fπλpgqqλ“0| ! Ξ
GpgqσpgqdegpDq, τ P Π2pMq, g P GpF q.(A.0.2)
Then, we will show that A.0.1 holds for any k ě 1 (and u “ v “ 1). We do this by induction
on degpDq. Let z P Zpgq be such that 2.6.2 is satisfied. Then we may as well assume that
Npπq “ χπpzq. Since pzkfqπ “ χπpzqkfπ for every π P TempindpGq the result in degree 0 just
follows by replacing f by zkf in A.0.2 for every k ě 1. In the general case the difference
between
Dpλ ÞÑ pzkfqπλpgqqλ“0 “ Dpλ ÞÑ χπλpzq
kfπλpgqqλ“0(A.0.3)
and
χπpzq
kDpλ ÞÑ pzkfqπλpgqqλ“0
can be written as a finite sum
nÿ
i“1
Dipλ ÞÑ χπλpzq
kqλ“0D
1
ipλ ÞÑ pz
kfqπλpgqqλ“0
where Di, D1i P Sym
‚pAM,Cq for all 1 ď i ď n are of degree strictly less than D. Since the
terms Dipλ ÞÑ χπλpzq
kqλ“0 are all essentially bounded by a power of Npπq, the above sum
can be controlled by the induction hypothesis whereas A.0.3 is controlled by A.0.2 applied
to zkf . This shows A.0.1 assuming A.0.2.
Fix D P Sym‚pA˚M,Cq, a parabolic subgroup P with LeviM , a maximal compact subgroup
K of GpF q in good position relative to M and set KM “ K XMpF q. Then, by restriction
to K we can identify πλ “ iGP pτλq with πK “ i
K
KM
pτ|KM q as a K-representation for every
τ P Π2pMq and λ P iA
˚
M . Choosing an invariant scalar product p., .q on τ , we endow πK
with the K-invariant scalar product
pe, e1q “
ż
K
pepkq, e1pkqqdk.
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Finally, choose for any ρ P pK an orthonormal basis Bτ pρq of the ρ-isotypic component πKrρs
of πK . Then, we have
fπλpgq “
ÿ
ρP pK
ÿ
ePBτ pρq
pπλpgqπλpf
_qe, eq(A.0.4)
for all τ P Π2pMq, λ P iA
˚
M and g P GpF q. Assume now that we can show the existence of
r ą 0 such that
|D pλ ÞÑ pπλpgqπλpf
_qe, eqqλ“0| ! Npρq
rΞGpgqσpgqdegpDq(A.0.5)
for all τ P Π2pMq, g P GpF q, ρ P pK and e P Bτ pρq. Let zK P Zpkq be such that 2.6.2 is
satisfied for GpF q “ K. Then we may as well assume that Npρq “ ρpzKq for all ρ P pK and
hence up to replacing f by LpzKqk`rf in A.0.5 we obtain the same inequality with Npρqr
replaced by Npρq´k. Therefore, by A.0.4, we would get for any k ą 0 an inequality
|Dpλ ÞÑ fπλpgqqλ“0| ! Ξ
GpgqσpgqdegpDq
ÿ
ρP pK
dimpπKrρsq
Npρqk
, τ P Π2pMq, g P GpF q.
As for k large enough the sum
ř
ρP pK dimpπK rρsqNpρqk converges and is bounded independently of π
(see e.g. [Beu1, (2.2.2)]). For such a k the above inequality implies A.0.2.
Thus, it only remains to establish A.0.5. Actually, it suffices to show the existence of
r ą 0 such that
|D pλ ÞÑ pπλpgqe, eqqλ“0| ! Npρq
rΞGpgqσpgqdegpDq(A.0.6)
for all τ P Π2pMq, g P GpF q, ρ P pK and e P Bτ pρq. Indeed, if this is the case we would get
|D pλ ÞÑ pπλpgqπλpf
_qe, eqqλ“0| “
∣
∣
∣
∣
D
ˆ
λ ÞÑ
ż
G
f_pγqpπλpgγqe, eqdγ
˙
λ“0
∣
∣
∣
∣
“
∣
∣
∣
∣
ż
G
f_pγqD pλ ÞÑ pπλpgγqe, eqqλ“0 dγ
∣
∣
∣
∣
! Npρqr
ż
G
|f_pγq|ΞGpgγqσpgγqdegpDqdγ
! NpρqrσpgqdegpDq
ż
G
sup
kPK
|f_pkγq|
ż
K
ΞGpgkγqdkσpγqdegpDqdγ
“ NpρqrΞGpgqσpgqdegpDq
ż
G
sup
kPK
|f_pkγq|ΞGpγqσpγqdegpDqdγ
for all τ P Π2pMq, g P GpF q, ρ P pK and e P Bτ pρq, where the differentiation under the
integral sign is justified by the absolute convergence of the resulting expression and in the
last line we have used the well-known ‘doubling formula’
ş
K
ΞGpgkγqdk “ ΞGpgqΞGpγq (see
[Var, Proposition 16.(iii) p.329]).
Fix a decomposition γ “ mP pγquP pγqkP pγq for every γ P GpF q where mP pγq P MpF q,
uP pγq P UP pF q and kP pγq P K and set HP pγq :“ HMpmP pγqq. Then to prove A.0.6 we first
note that
pπλpgqe, eq “
ż
K
δP pmP pkgqq
1{2exλ,HP pkgqypτpmP pkgqqepkP pkgqq, epkqqdk
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so that (once again differentiation under the integral is easily justified)
D pλ ÞÑ pπλpgqe, eqqλ“0 “
ż
K
δP pmP pkgqq
1{2DpHP pkgqqpτpmP pkgqqepkP pkgqq, epkqqdk
for all τ P Π2pMq, e P πK and g P GpF q where when we write DpHP pkgqq we consider D as
a polynomial function on AM . Clearly |DpHP pkgqq| ! σpgqdegpDq for all g P GpF q and k P K
and therefore
|D pλ ÞÑ pπλpgqe, eqqλ“0| ! σpgq
degpDq
ż
K
δP pmP pkgqq
1{2|pτpmP pkgqqepkP pkgqq, epkqq|dk
(A.0.7)
for all τ P Π2pMq, e P πK and g P GpF q. By [CHH, Theorem 2], we have
|pτpmqv, v1q| ! dimpτpKMqvq
1{2 dimpτpKM qv
1q1{2ΞMpmq‖v‖‖v1‖
for all τ P Π2pMq, all v, v1 P τ and all m P MpF q. Notice that dimpτpKMqepkqq ď
dimpπpKqeq for all τ P Π2pMq and e P πK and that by a new application of [CHH, Theorem
2] dimpπpKqeq ď dimpρq2 if e P πKrρs. Combining this with A.0.7, we obtain
|D pλ ÞÑ pπλpgqe, eqqλ“0| ! σpgq
degpDq dimpρq2
ż
K
δP pmP pkgqq
1{2ΞMpmP pkgqq‖epkP pkgqq‖‖epkq‖dk
ď σpgqdegpDq dimpρq2 sup
kPK
‖epkq‖2
ż
K
δP pmP pkgqq
1{2ΞMpmP pkgqqdk
ď σpgqdegpDq dimpρq3ΞGpgq‖e‖
for all τ P Π2pMq, ρ P pK, e P πKrρs and g P GpF q where in the last inequality we have used
[Var, Proposition 16(iv) p.329] and Lemma A.0.1. Since ‖e‖ “ 1 and there exists n ě 1 such
that dimpρq ď Npρqn ([Wall, p.291]), this gives A.0.6 and ends the proof of the Proposition
2.13.1. 
References
[AG1] A. Aizenbud, D. Gourevitch: Schwartz functions on Nash manifolds, Int. Math. Res.
Not. IMRN, (5) :Art. ID rnm 155, 37, 2008.
[AL] A. Aizenbud, E. Lapid: Distinguished representations in the Archimedean case, ap-
pendix D to “On representations distinguished by unitary groups" by B. Feigon, E.
Lapid, O. Offen, Publications Mathématiques de L’IHÉS 115/1 (2012), 185-323.
[Art1] J. Arthur: Harmonic analysis of the Schwartz space
on a reductive Lie group II, preprint available at
http://www.math.toronto.edu/arthur/pdf/20160115093856221.pdf
104
[Art2] J. Arthur: A Paley-Wiener theorem for real reductive groups, Acta Math. 150 (1983),
no. 1-2, 1-89
[Art3] J. Arthur: The endoscopic classification of representations. Orthogonal and sym-
plectic groups, American Mathematical Society Colloquium Publications, 61. American
Mathematical Society, Providence, RI, 2013. xviii+590 pp.
[Bar] E. M. Baruch: A proof of Kirillov’s conjecture, Ann. Math. (2), 158 (2003), 207-252.
[BDix] P. Bernât, J. Dixmier: Sur le dual d’un groupe de Lie, C. R. Acad. Sci. Paris 250
(1960), 1778-1779.
[Ber1] J. N. Bernstein: All reductive p-adic groups are tame, Functional Anal. Appl. 8 (1974),
91-93
[Ber2] J. N. Bernstein: P -invariant distributions on GLpNq and the classification of unitary
representations of GLpNq (non-Archimedean case), in “Lie group representations, II."
Lecture Notes in Math., vol. 1041, pp. 50-102, Springer, Berlin, 1984.
[Ber3] J. N. Bernstein: On the support of Plancherel measure, J. Geom. Phys. 5 (1988), no.
4, 663-710.
[BK] J. N. Bernstein, B. Krötz: Smooth Fréchet globalizations of Harish-Chandra modules,
Israel J. Math. 199 (2014), no. 1, 45-111
[Beu1] R. Beuzart-Plessis: A local trace formula for the Gan-Gross-Prasad conjecture for
unitary groups: the Archimedean case, to appear in Astérisque, arXiv:1506.01452
[Beu2] R. Beuzart-Plessis: Comparison of local spherical characters and the Ichino-Ikeda
conjecture for unitary groups, prepublication 2016, arXiv:1602.06538
[Beu3] R. Beuzart-Plessis: Archimedean theory and ǫ-factors for the Asai Rankin-Selberg
integrals, prepublication 2018
[BW] A. Borel, N. Wallach: Continuous cohomology, discrete subgroups, and representations
of reductive groups, volume 67 of Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, second edition, 2000.
[Cas] W. Casselman: Canonical extensions of Harish-Chandra modules to representations of
G, Canad. J. Math. 41 (1989), no. 3, 385-438.
[CHM] W. Casselman, H. Hecht, D. Miličić: Bruhat filtrations and Whittaker vectors for
real groups, In “The mathematical legacy of Harish-Chandra" (Baltimore, MD, 1998),
pages 151-190. Amer. Math. Soc., Providence, RI, 2000.
[Chau] P.-H. Chaudouard: On relative trace formulae: the case of Jacquet-Rallis, prepubli-
cation 2017
105
[CZ] P.-H. Chaudouard, M. Zydor: Le transfert singulier pour la formule des traces de
Jacquet-Rallis, prepublication 2016
[CHH] M. Cowling, U. Haagerup, R. Howe: Almost L2 matrix coefficients, J. für die reine
und angewandte Math., vol.387 (1988), pp.97-110
[Del] P. Delorme: Multipliers for the convolution algebra of left and right K-finite compactly
supported smooth functions on a semisimple Lie group, Invent. Math. 75 (1984), no. 1,
9-23
[Del2] P. Delorme: Neighborhoods at infinity and the Plancherel formula for a reductive
p-adic symmetric space, Math. Ann. 370 (2018), no. 3-4, 1177-1229
[Dix] J. Dixmier: C˚-algebras, Translated from the French by Francis Jellett. North-Holland
Mathematical Library, Vol. 15. North-Holland Publishing Co., Amsterdam-New York-
Oxford, 1977. xiii+492 pp. ISBN: 0-7204-0762-1
[DM] J. Dixmier P. Malliavin: Factorisations de fonctions et de vecteurs indéfiniment dif-
férentiables, Bull. Sci. Math. (2) 102 (1978), no. 4, 307-330
[Fil] I. Filip: A local relative trace formula for spherical varieties, PhD thesis Columbia
university, 2016.
[FLM] T. Finis, E. Lapid, W. Müller: Limit multiplicities for principal congruence subgroups
of GLpnq and SLpnq, J. Inst. Math. Jussieu 14(3), 589-638 (2015)
[Fli] Y. Z. Flicker: Twisted tensors and Euler products, Bull. Soc. Math. France 116 (1988),
no. 3, 295-313.
[GGP] W. T. Gan, B. H. Gross, D. Prasad: Symplectic local root numbers, central critical
L-values and restriction problems in the representation theory of classical groups, in “Sur
les conjectures de Gross et Prasad. I" Astérisque No. 346 (2012), 1-109
[GJR] S. Gelbart, H. Jacquet, J. Rogawski: Generic representations for the unitary group
in three variables, Israel J. Math., 126:173-237, 2001.
[GS] I. M. Gelfand, G. E. Shilov: Generalized functions, vol. I, Academic Press, 1964
[GR] B. H. Gross, M. Reeder: Arithmetic invariants of discrete Langlands parameters, Duke
Math. J. 154, No. 3 (2010), 431-508.
[Gr] A. Grothendieck: Produits tensoriels topologiques et espaces nucléaires, Mem. Amer.
Math. Soc. 1955 (1955), no. 16
[Har] P. Harinck: Base de la série la plus continue de fonctions généralisées sphériques sur
GpCq{GpRq, Journal of Funct. Anal. 153 (1998), 1-51
106
[H-C1] Harish-Chandra; Discrete series for semisimple Lie groups. II. Explicit determination
of the characters, Acta Math. 116 (1966), 1-111.
[H-C2] Harish-Chandra: Harmonic analysis on real reductive groups. III. The Maass-Selberg
relations and the Plancherel formula, Ann. of Math. 104 (1976), 117-201.
[Ha] R. Neal Harris: A refined Gross-Prasad conjecture for unitary groups, arXiv:1201.0518
[HT] M. Harris, R. Taylor: The geometry and cohomology of some simple Shimura varieties,
With an appendix by Vladimir G. Berkovich. Annals of Mathematics Studies, 151.
Princeton University Press, Princeton, NJ, 2001. viii+276 pp. ISBN: 0-691-09090-4
[Hen] G. Henniart: Une preuve simple des conjectures de Langlands pour GLpnq sur un corps
p-adique, Invent. Math. 139 (2000), no. 2, 439-455.
[HII] K. Hiraga, A. Ichino, T. Ikeda : Formal degrees and adjoint γ-factors, J. Amer. Math.
Soc. 21 (2008), no. 1, 283-304.
[ILM] A. Ichino, E. Lapid, Z. Mao: On the formal degrees of square-integrable representations
of odd special orthogonal and metaplectic groups, Duke Math. J. 166, no. 7 (2017), 1301-
1348
[Jac] H. Jacquet: Distinction by the quasi-split unitary group, Isr. J. Math., 178 (2010),
269-324.
[JR] H. Jacquet, S. Rallis: On the Gross-Prasad conjecture for unitary groups, in “On certain
L-functions", 205-264, Clay Math. Proc., 13, Amer. Math. Soc., Providence, RI, 2011.
[KMSW] T. Kaletha, A. Minguez, S. W. Shin, P.-J. White: Endoscopic Classification of
Representations: Inner Forms of Unitary Groups, prepublication 2014
[Kott] R. E. Kottwitz: Harmonic analysis on reductive p-adic groups and Lie algebras, in
“Harmonic analysis, the trace formula, and Shimura varieties", 393-522, Clay Math.
Proc., 4, Amer. Math. Soc., Providence, RI, 2005
[La] R. P. Langlands: On the classification of irreducible representations of real algebraic
groups, in “Representation theory and harmonic analysis on semisimple Lie groups",
101-170, Math. Surveys Monogr., 31, Amer. Math. Soc., Providence, RI, 1989
[LM] E. Lapid, Z. Mao: On the asymptotics of Whittaker functions, Represent. Theory,
13:63-81, 2009. doi:10.1090/S1088-4165-09-00343-4.
[LM2] E. Lapid, Z. Mao: A conjecture on Whittaker-Fourier coefficients of cusp forms, J.
Number Theory 146 (2015), 448-505.
[LM3] E. Lapid, Z. Mao: On a new functional equation for local integrals, Automorphic
forms and related geometry: assessing the legacy of I. I. Piatetski-Shapiro, 261-294,
Contemp. Math., 614, Amer. Math. Soc., Providence, RI, 2014.
107
[Li] W.-W. Li: Zeta integrals, Schwartz spaces and local functional equations, to appear in
Springer Lecture Notes in Mathematics. doi: 10.1007/978-3-030-01288-5
[Mat] N. Matringe: Distinction and Asai L-functions for generic representations of general
linear groups over p-adic fields, IMRN, volume 2011, issue 1, 74-95.
[Mok] C. P. Mok: Endoscopic Classification of representations of Quasi-Split Unitary
Groups, Mem. Amer. Math. Soc. 235 (2015), no. 1108
[Pra] D. Prasad: On a conjecture of Jacquet about distinguished representations of GLpnq,
Duke Math. J. 109(2001), 67-78.
[Rod] F. Rodier: Modèles de Whittaker des représentations admissibles des
groupes réductifs p-adiques quasi-déployés, manuscript (1975) available at
http://iml.univ-mrs.fr/~rodier/Whittaker.pdf
[SV] Y. Sakellaridis, A. Venkatesh: Periods and harmonic analysis on spherical varieties,
Astérisque No. 396 (2017), viii+360 pp.
[Sch] P. Scholze: The local Langlands correspondence for GLn over p-adic fields, Invent.
Math. 192 (2013), no. 3, 663-715
[Sha1] F. Shahidi: Fourier Transforms of Intertwining Operators and Plancherel Measures
for GLpnq, Amer. J. Math. 106 (1984), no.1, 67-111
[Sha2] F. Shahidi: Local coefficients as Artin factors for real groups, Duke Math. J. 52
(1985), no. 4, 973-1007
[SZ] A. J. Silberger, E.-W. Zink: The formal degree of discrete series representations of
central simple algebras over p-adic fields, Max-Planck-Institut für Mathematik, 1996.
[Smith] J. M. Smith: Relative discrete series representations for two quotients of p-adic
GLn, Canadian Journal of Mathematics 70(2018), no. 6, 1339-1372
[Sun] B. Sun: Bounding Matrix Coefficients for Smooth Vectors of Tempered Representa-
tions, Proc. of the AMS, Vol. 137, No. 1 (Jan 2009), pp. 353-357
[Tad] Marko Tadić: Geometry of dual spaces of reductive groups (non-Archimedean case), J.
Analyse Math. 51 (1988), 139-181.
[Ta] J.Tate: Number theoretic background, in “Automorphic forms, Representations, and
L-functions", Proc. Symposia Pure Math., AMS, 33, 3-26 (1979).
[Tr] F. Trèves: Topological vector spaces, distributions and kernels, Academic Press, New
York-London 1967 xvi+624 pp.
[Var] V. S. Varadarajan: Harmonic analysis on real reductive groups, Lecture Notes in Math-
ematics, Vol. 576. Springer-Verlag, Berlin-New York, 1977. v+521 pp.
108
[Wald1] J.-L. Waldspurger: La formule de Plancherel pour les groupes p-adiques (d’après
Harish-Chandra), J. Inst. Math. Jussieu 2 (2003), no. 2, 235-333
[Wald2] J.-L. Waldspurger: Calcul d’une valeur d’un facteur ǫ par une formule intégrale, in
“Sur les conjectures de Gross et Prasad II." Astérisque No. 347 (2012), 1-102. ISBN:
978-2-85629-350-8
[Wall] N. R. Wallach: Real reductive groups I, Pure and Applied Mathematics, 132. Academic
Press, Inc., Boston, MA, 1988. xx+412 pp
[Wall2] N. R. Wallach: Real reductive groups II, Pure and Applied Mathematics, 132-II.
Academic Press, Inc., Boston, MA, 1992. xiv+454 pp. ISBN: 0-12-732961-7
[WW] E. T. Whittaker, G. N. Watson: A course of modern analysis, Cambridge University
Press, London, 1965
[Xue] H. Xue: On the global Gan-Gross-Prasad conjecture for unitary groups: approximating
smooth transfer of Jacquet-Rallis, 2015. J. Reine Angew. Math., to appear
[Yu] Z. Yun: The fundamental lemma of Jacquet and Rallis, With an appendix by Julia
Gordon. Duke Math. J. 156 (2011), no. 2, 167-227
[Zha1] W. Zhang: Fourier transform and the global Gan-Gross-Prasad conjecture for unitary
groups, Ann. of Math. (2), 180(3):971-1049, 2014.
[Zha2] W. Zhang: On arithmetic fundamental lemmas. Invent. Math., 188(1) :197-252, 2012.
[Zh3] W. Zhang: Automorphic period and the central value of Rankin-Selberg L-function, J.
Amer. Math. Soc., 27:541-612, 2014.
[Zyd] M. Zydor: Les formules des traces relatives de Jacquet-Rallis grossières, prepublication
2015, arXiv:1510.04301.
Raphaël Beuzart-Plessis
Aix Marseille University
CNRS, Centrale Marseille, I2M
Marseille, France
email: rbeuzart@gmail.com
109
